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• Go	  fast	  on	  topics	  previously	  discussed	  in	  this	  workshop	  (Fuller,	  Abazajian,	  Kaplinghat,	  Chang,	  Pan…)	  

• menLon	  latest	  results	  presented	  yesterday	  in	  Neutrino	  Cosmology	  session	  of	  Texas	  Symposium	  

• no	  sterile	  /	  non-‐standard	  neutrinos:	  3	  acLve	  neutrinos	  only

Neutrinos	  &	  Cosmology

2



Neutrinos	  &	  Cosmology

3

Cosmological perturbations 

 

25.03.2013 Planck implications for cosmology – J. Lesgourgues 13 

Photon density fluctuations 

 before decoupling  

CMB primary anisotropy 

spectrum 

matter density fluctuations 

  

LSS [ galaxy / cosmic shear / 

Lyα ] spectrum 

Photon momentum  

after decoupling 

CMB secondary anisotropy 

spectrum 

Gravitational force from neutrino fluctuations felt by: 



Mass	  impact	  on	  CMB:	  theory

• even	  in	  relaLvisLc	  limit	  (mν	  <<	  1	  meV)	  neutrinos	  would	  impact	  CMB:	  

1. background:	  for	  constant	  Lme	  of	  radiaLon-‐
ma_er	  equality,	  raLo	  of	  acousLc	  to	  diffusion	  
scale	  (—>	  damping	  tail)	  

2. perturbaLons:	  gravitaLonal	  interacLon	  
between	  neutrinos	  and	  photon-‐baryon	  fluid	  
before	  decoupling:	  “neutrino	  
drag”	  (amplitude	  &	  phase	  shih)	  

• neutrino	  mass	  add	  extra	  effects	  even	  if	  non-‐relaLvisLc	  transiLon	  takes	  place	  aher	  decoupling
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Mass	  impact	  on	  CMB:	  theory
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• “trivial”	  background	  effects:	  for	  same	  equality	  Lme	  and	  peak	  scale,	  change	  H0,	  ΩΛ:	  late	  Integrated	  
Sachs-‐Wolfe	  (ISW)…	  	  

	  	  	  	  	  	  	  Constant	  peak	  angular	  scale:	  	  

ΔΗ0	  /	  [1	  km/s/Mpc]	  =	  -‐	  ΔMν	  /	  [0.1eV]	  

WMAP:	  	  	  	  Η0=69.7+-‐2.1	  km/s/Mpc	  	  	  	  

Planck15:	  Η0=67.3+-‐1	  km/s/Mpc	  	  

ΔΗ0=0.6	  km/s/Mpc	  coming	  from	  different	  choice	  of	  fiducial	  model	  (Mν	  =	  0	  —>	  0.06eV)	  

• also	  small	  background	  effect	  on	  recombinaLon	  history	  [Grohs	  et	  al.	  1412.6875]



Mass	  impact	  on	  CMB:	  theory
• non-‐trivial	  perturbaLon	  effects	  at	  level	  of	  primary	  CMB	  anisotropies:	  

1. early	  Integrated	  Sachs-‐Wolfe	  (ISW)	  effect	  when	  neutrinos	  become	  non-‐relaLvisLc	  at	  500	  <	  z	  <	  
1000	  	  

Produces	  a	  dip	  in	  temperature	  spectrum	  for	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  
10	  <	  l	  <	  200	  

2. fracLon	  of	  neutrinos	  already	  non-‐relaLvisLc	  at	  decoupling:	  slightly	  modfied	  neutrino-‐photon	  
gravitaLonal	  interacLon	  (very	  small)
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Mass	  impact	  on	  CMB:	  theory
• perturbaLon	  effects	  at	  level	  of	  secondary	  CMB	  anisotropies:	  

3. reduced	  CMB	  lensing	  (spectrum	  of	  temperature,	  polarisaLon,	  extracted	  lensing	  potenLal):	  
dominant	  effects
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FIG. 2. The upper panel shows the T , E and C power spectra. Dashed (solid) lines correspond to the lensed (un-
lensed) spectra. The bottom left panel shows the relative difference between the lensed and unlensed spectra for T and E
(δCl/Cl ≡ (Clensed

l − Cunlensed

l )/Cunlensed

l ) and shows both suppression of oscillations and enhancement of power on small
scales. The bottom right panel shows the B type polarization induced by lensing. We include the E and B spectra for
inflationary model where scalars and tensors produce equal amount of power in the temperature on COBE scales (T/S = 1).
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Planck Collaboration: Cosmological parameters
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Fig. 11. Planck measurements of the lensing power spectrum compared to the prediction for the best-fitting base⇤CDM model to the
Planck TT+lowP data. Left: the conservative cut of the Planck lensing data used throughout this paper, covering the multipole range
40  `  400. Right: lensing data over the range 8  `  2048, demonstrating the general consistency with the ⇤CDM prediction
over this extended multipole range. In both cases, green points are the power from lensing reconstructions using only temperature
data, while blue points combine temperature and polarization. They are o↵set in ` for clarity. Error bars are ±1�. In the top panels
the solid lines are the best-fitting base⇤CDM model to the Planck TT+lowP data with no renormalization or �N(1) correction applied
(see text). The bottom panels show the di↵erence between the data and the renormalized and �N(1)-corrected theory bandpowers,
which enter the likelihood. The mild preference of the lensing measurements for lower lensing power around ` = 200 pulls the
theoretical prediction for C��` downwards at the best-fitting parameters of a fit to the combined Planck TT+lowP+lensing data,
shown by the dashed blue lines (always for the conservative cut of the lensing data, including polarization).

• Beam uncertainties are no longer included in the covariance
matrix of the C��` , since, with the improved knowledge of the
beams, the estimated uncertainties are negligible for the lens-
ing analysis. The only inter-bandpower correlations included
in the C��` bandpower covariance matrix are from the uncer-
tainty in the correction applied for the point-source 4-point
function.

As in the 2013 analysis, we approximate the lensing likelihood
as Gaussian in the estimated bandpowers, with a fiducial co-
variance matrix. Following the arguments in Schmittfull et al.
(2013), it is a good approximation to ignore correlations between
the 2- and 4-point functions; so, when combining the Planck
power spectra with Planck lensing, we simply multiply their re-
spective likelihoods.

It is also worth noting that the changes in absolute calibra-
tion of the Planck power spectra (around 2 % between the 2013
and 2015 releases) do not directly a↵ect the lensing results. The
CMB 4-point functions do, of course, respond to any recalibra-
tion of the data, but in estimating C��` this dependence is re-
moved by normalizing with theory spectra fit to the observed
CMB spectra. The measured C��` bandpowers from the 2013 and
current Planck releases can therefore be directly compared, and
are in good agreement (Planck Collaboration XV 2015). Care is
needed, however, in comparing consistency of the lensing mea-
surements across data releases with the best-fitting model pre-
dictions. Changes in calibration translate directly into changes
in Ase�2⌧, which, along with any change in the best-fitting opti-
cal depth, alter As, and hence the predicted lensing power. These
changes from 2013 to the current release go in opposite direc-
tions leading to a net decrease in As of 0.6 %. This, combined
with a small (0.15 %) increase in ✓eq, reduces the expected C��`
by approximately 1.5 % for multipoles ` > 60.

The Planck measurements of C��` , based on the temperature
and polarization 4-point functions, are plotted in Fig. 11 (with
results of a temperature-only reconstruction included for com-
parison). The measured C��` are compared with the predicted
lensing power from the best-fitting base ⇤CDM model to the
Planck TT+lowP data in this figure. The bandpowers that are
used in the conservative lensing likelihood adopted in this pa-
per are shown in the left-hand plot, while bandpowers over the
range 8  `  2048 are shown in the right-hand plot, to demon-
strate the general consistency with the ⇤CDM prediction over
the full multipole range. The di↵erence between the measured
bandpowers and the best-fit prediction are shown in the bottom
panels. Here, the theory predictions are corrected in the same
way as they are in the likelihood15.

Figure 11 suggests that the Planck measurements of C��` are
mildly in tension with the prediction of the best-fitting ⇤CDM
model. In particular, for the conservative multipole range 40 
`  400, the temperature+polarization reconstruction has �2 =
15.4 (for eight degrees of freedom), with a PTE of 5.2 %. For
reference, over the full multipole range �2 = 40.81 for 19 de-
grees of freedom (PTE of 0.3 %); the large �2 is driven by a
single bandpower (638  `  762), and excluding this gives an
acceptable �2 = 26.8 (PTE of 8 %). We caution the reader that
this multipole range is where the lensing reconstruction shows a
mild excess of curl-modes (Planck Collaboration XV 2015), and

15In detail, the theory spectrum is binned in the same way as the
data, renormalized to account for the (very small) di↵erence between
the CMB spectra in the best-fit model and the fiducial spectra used in the
lensing analysis, and corrected for the di↵erence in N(1), calculated for
the best-fit and fiducial models (around a 4 % change in N(1), since the
fiducial-model C��` is higher by this amount than in the best-fit model).
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Current	  CMB+LSS	  constraints
• pushing	  for	  small	  neutrino	  mass:	  

• CMB	  temperature	  and	  polarisaLon	  (primary	  ISW	  effect	  +	  temperature	  lensing)	  :	  	  

	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  Planck	  TT,TE,EE	  +	  BAO:	  Mν	  <	  170	  meV	  (95%CL)	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  [Planck	  XIII	  2015]	  

• BOSS	  Ly-‐alpha	  +	  Planck	  2015	  (TT,lowP):	  	  Mν	  <	  120	  meV	  (95%CL)	  	  	  	  	  	  	  	  [Palanque-‐Delabrouille	  et	  al.	  2015]	  
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Current	  CMB+LSS	  constraints
• pushing	  for	  higher	  neutrino	  mass:	  marginal	  anomalies,	  reduced	  LSS	  amplitude	  on	  small	  scales:	  

• clusters	  counts	  (Planck	  SZ,	  others;	  issues	  with	  bias)	  

• cosmic	  shear	  experiments	  (CFHTLens,	  much	  less	  with	  DES)	  

• spectrum	  of	  CMB	  lensing	  potenLal	  on	  some	  scales	  	  

• [	  also:	  direct	  H0	  measurement	  versus	  CMB	  H0	  measurements	  ]	  

• [	  also:	  low	  Llt	  ns	  in	  BOSS	  Lyman-‐alpha	  ]	  

• No	  obvious	  internal	  contradicLons	  (only	  when	  assuming	  given	  model)	  
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Planck Collaboration: Cosmological parameters
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Fig. 18. Samples in the �8–⌦m plane from the H13 CFHTLenS
data (with angular cuts as discussed in the text), coloured by the
value of the Hubble parameter, compared to the joint constraints
when the lensing data are combined with BAO (blue), and BAO
with the CMB acoustic scale parameter fixed to ✓MC = 1.0408
(green). For comparison the Planck TT+lowP constraint con-
tours are shown in black. The grey band show the constraint from
Planck CMB lensing.

authors argue may be indications of the e↵ects of baryonic feed-
back in suppressing the matter power spectrum at small scales).
The large-scale properties of CFHTLenS therefore seem broadly
consistent with Planck and it is only as CFHTLenS probes
higher wavenumbers, particular in the 2D and tomographic cor-
relation function analyses (Heymans et al. 2013; Kilbinger et al.
2013; Fu et al. 2014; MacCrann et al. 2014), that apparently
strong discrepancies with Planck appear.

The situation is summarized in Fig. 18. The sample points
show parameter values in the �8–⌦m plane for the ⇤CDM base
model, computed from the Heymans et al. (2013, hereafter H13)
tomographic measurements of ⇠±. These data consist of correla-
tion function measurements in six photometric redshift bins ex-
tending over the redshift range 0.2–1.3. We use the blue galaxy
sample, since H13 find that this sample shows no evidence for
intrinsic galaxy alignments (simplifying the comparison with
theory) and we apply the “conservative” cuts of H13, intended
to reduce sensitivity to the nonlinear part of the power spec-
trum; these cuts eliminate measurements with ✓ < 30 for any
redshift combinations involving the lowest two redshift bins.
Here we have used the halofit prescription of Takahashi et al.
(2012) to model the nonlinear power spectrum, but do not in-
clude any model of baryon feedback or intrinsic alignments.
For the lensing-only constraint we also impose additional pri-
ors in a similar way to the CMB lensing analysis described
in Planck Collaboration XV (2015), i.e., Gaussian priors⌦bh2 =
0.0223 ± 0.0009 and ns = 0.96 ± 0.02, where the exact values
(chosen to span reasonable ranges given CMB data) have little
impact on the results. The sample range shown also restricts the
Hubble parameter to 0.2 < h < 1; note that when comparing
with constraint contours, the location of the contours can change
significantly depending on the H0 prior range assumed. Here we
only show lensing contours after the samples have been pro-
jected into the space allowed by the BAO data (blue contours),
or also additionally restricting to the reduced space where ✓MC

is fixed to the Planck value, which is accurately measured. The
black contours show the constraints from Planck TT+lowP.

The lensing samples just overlap with Planck, and super-
ficially one might conclude that the two data sets are con-
sistent. But the weak lensing constraints approximately define
a 1-dimensional degeneracy in the 3-dimensional ⌦m–�8–H0
space, so consistency of the Hubble parameter at each point in
the projected space must also be considered (see appendix E1
of Planck Collaboration XV 2015). Comparing the contours in
Fig. 18 (the regions where the weak lensing constraints are con-
sistent with BAO observations) the CFHTLenS data favour a
lower value of �8 than the Planck data (and much of the area
of the blue contours also has higher ⌦m). However, even with
the conservative angular cuts applied by H13, the weak lens-
ing constraints depend on the nonlinear model of the power
spectrum and on the possible influence of baryonic feedback
in reshaping the matter power spectrum at small spatial scales
(Harnois-Déraps et al. 2014; MacCrann et al. 2014). The impor-
tance of these e↵ects can be reduced by imposing even more
conservative angular cuts on ⇠±, but of course, this weakens the
statistical power of the weak lensing data. The CFHTLenS data
are not used in combination with Planck in this paper (apart
from Sects. 6.3 and 6.4.4) and, in any case, would have little
impact on most of the extended ⇤CDM constraints discussed
in Sect. 6. Weak lensing can, however, provide important con-
straints on dark energy and modified gravity. The CFHTLenS
data are therefore used in combination with Planck in the com-
panion paper (Planck Collaboration XIV 2015) which explores
several halofit prescriptions and the impact of applying more
conservative angular cuts to the H13 measurements.

5.5.3. Planck cluster counts

In 2013 we noted a possible tension between our primary CMB
constraints and those from the Planck SZ cluster counts, with the
clusters preferring lower values of �8 in the base ⇤CDM model
in some analyses (Planck Collaboration XX 2014). The compar-
ison is interesting because the cluster counts directly measure �8
at low redshift; any tension could signal the need for extensions
of the base model, such as non-minimal neutrino mass (though
see Sect. 6.4). However, limited knowledge of the scaling rela-
tion between SZ signal and mass have hampered the interpreta-
tion of this result.

With the full mission data we have created a larger cata-
logue of SZ clusters with a more accurate characterization of
its completeness (Planck Collaboration XXIV 2015). By fitting
the counts in redshift and signal-to-noise, we are able to si-
multaneously constrain the slope of the SZ signal-mass scal-
ing relation and the cosmological parameters. A major uncer-
tainty, however, remains the overall mass calibration, which
in Planck Collaboration XX (2014) we quantified with a bias
parameter, (1 � b), with a fiducial value of 0.8 and a range
0.7 < (1 � b) < 1. In the base ⇤CDM model, the primary
CMB constraints prefer a normalization below the lower end
of this range, (1 � b) ⇡ 0.6. The recent, empirical normaliza-
tion of the relation by the Weighing the Giants lensing program
(WtG; von der Linden et al. 2014) gives 0.69 ± 0.07 for the 22
clusters in common with the Planck cluster sample. This cali-
bration reduces the tension with the primary CMB constraints in
base ⇤CDM. In contrast, correlating the entire Planck 2015 SZ
cosmology sample with Planck CMB lensing gives 1/(1 � b) =
1±0.2 (Planck Collaboration XXIV 2015), toward the upper end
of the range adopted in Planck Collaboration XX (2014) (though
with a large uncertainty). An alternative lensing calibration by

29

[Planck	  XIII	  2015]



Current	  CMB+LSS	  constraints
• My	  opinion:	  

1. systemaLcs	  in	  LSS,	  anomalies	  will	  go	  away	  

2. or	  non-‐neutrino	  explanaLon…	  

• acLve	  neutrino	  mass,	  light	  
sterile	  neutrinos:	  would	  bring	  
contradicLon.	  No	  massive	  
neutrino	  fit	  increases	  
goodness	  of	  fit	  significantly	  

• can	  accommodate	  everything	  with	  other	  models,	  e.g.	  with	  non-‐WIMP	  dark	  ma_er:	  small	  dark	  ma_er-‐
dark	  radiaLon	  interacLon	  [JL,	  Marques-‐Tavares,	  Schmaltz	  2015]
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Fig. 33. 68 % and 95 % constraints from Planck TT+lowP (green), Planck TT+lowP+lensing (grey), and Planck
TT+lowP+lensing+BAO (red) on the late-Universe parameters H0, �8, and ⌦m in various neutrino extensions of the base ⇤CDM
model. The blue contours show the base ⇤CDM constraints from Planck TT+lowP+lensing+BAO. The dashed cyan contours show
joint constraints from the H13 CFHTLenS galaxy weak lensing likelihood (with angular cuts as in Fig. 18) at fixed CMB acoustic
scale ✓MC (fixed to the Planck TT+lowP ⇤CDM best fit) combined with BAO and the Hubble constant measurement of Eq. 30.
These additional constraints break large parameter degeneracies in the weak lensing likelihood that would otherwise obscure the
comparison with the Planck contours. (Priors on other parameters applied to the CFHTLenS analysis are as described in Sect. 5.5.2.)

astrophysical data described in Sect. 5.5, including the inference
of a low value of �8 from rich cluster counts.

6.4.5. Testing perturbations in the neutrino background

As shown in the previous sections, the Planck data provide ev-
idence for a cosmic neutrino background at a very high signifi-
cance level. Neutrinos a↵ect the CMB anisotropies at the back-
ground level, by changing the expansion rate before recombina-
tion and hence relevant quantities such as the sound horizon and
the damping scales. Neutrinos also a↵ect the CMB anisotropies
via their perturbations. Perturbations in the neutrino background
are coupled through gravity to the perturbations in the pho-
ton background, and can be described (for massless neutrinos)
by the following set of equations (Hu 1998; Hu et al. 1999;
Trotta & Melchiorri 2005; Archidiacono et al. 2011):
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Here dots denote derivatives with respect to conformal time, �⌫
is the neutrino density contrast, q⌫ is the neutrino velocity pertur-
bation, ⇡⌫ the anisotropic stress, F⌫,` are higher order moments
of the neutrino distribution function, and h and ⌘ are the scalar

metric perturbations in the synchronous gauge. In these equa-
tions, c2

e↵ is the neutrino sound speed in its own reference frame
and c2

vis parameterizes the anisotropic stress. For standard non-
interacting massless neutrinos c2

e↵ = c2
vis = 1/3. Any deviation

from the expected values could provide a hint of non-standard
physics in the neutrino sector.

A greater (lower) neutrino sound speed would increase (de-
crease) the neutrino pressure, leading to a lower (higher) per-
turbation amplitude. On the other hand, changing c2

vis alters the
viscosity of the neutrino fluid. For c2

vis = 0, the neutrinos act as
a perfect fluid, supporting undamped acoustic oscillations.

Several previous studies have used this approach to
constrain c2

e↵ and c2
vis using cosmological data (see e.g.,

Trotta & Melchiorri 2005; Smith et al. 2012; Archidiacono et al.
2013b; Gerbino et al. 2013; Audren et al. 2014), with the moti-
vation that deviations from the expected values could be a hint
of non-standard physics in the neutrino sector. Non-standard in-
teractions could involve, for example, neutrino coupling with
light scalar particles (Hannestad 2005; Beacom et al. 2004; Bell
2005; Sawyer 2006). If neutrinos are strongly coupled at recom-
bination, this would result in a lower value for c2

vis than in the
standard model. The presence of early dark energy that mimics
a relativistic component at recombination could possibly lead to
a value for c2

e↵ that di↵ers from 1/3 (see, e.g., Calabrese et al.
2011).

In this analysis, for simplicity, we assume Ne↵ = 3.046 and
massless neutrinos. By using an equivalent parameterization for
massive neutrinos (Audren et al. 2014) we have checked that as-
suming one massive neutrino with ⌃m⌫ ⇡ 0.06 eV, as in the base
model used throughout this paper, has no impact on the con-

45
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Future	  constraints

• target	  of	  next	  10	  years:	  e.g.	  Planck	  &	  Euclid:	  	  	  	  	  	  σ(Mν)	  =	  25-‐30	  meV	  

• with	  new	  CMB	  satellite:	  e.g.	  Core+	  &	  Euclid:	  	  	  	  	  	  σ(Mν)	  =	  15-‐20	  meV	  

• but	  this	  assumes	  that	  issues	  in	  theoreLcal	  cosmo/astrophysics	  can	  be	  solved	  (see	  later)	  

• target	  of	  21cm	  surveys:	  more	  controversial.	  	  

[Villaescusa	  et	  al.	  2015]:	  N-‐body	  +	  hydro	  simulaLons	  including	  massive	  neutrino	  and	  hydrogen	  power	  
spectrum	  computaLon.	  Planck	  +	  SKA:	  also	  σ(Mν)	  =	  30	  meV
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Complementarity	  with	  laboratory	  experiments

• cosmology	  more	  sensiLve	  to	  absolute	  neutrino	  mass	  scale	  than	  laboratory	  experiments	  (now;	  or	  
even	  with	  Katrin;	  Gerda	  I,II);	  comparable	  bounds	  in	  future	  (Planck+Euclid	  versus	  Holmes,	  nEXO)	  	  	  	  	  	  
[Gerbino	  et	  al.	  1507.08614]	  

• no	  direct	  informaLon	  on	  individual	  masses,	  CP	  phases,	  Dirac/Majorana…	  

• what	  if	  we	  find	  a	  contradicLon,	  e.g.	  Mν	  	  <<	  0.06eV	  with	  cosmo	  data	  ?	  

• non-‐standard	  neutrino	  interacLons?	  Mass	  varies	  with	  Lme/spaces?	  

• neutrinos	  decay	  into	  massless	  dark	  species?	  (result:	  Neff	  ~	  3	  massless	  species)	  

• reheaLng	  at	  T	  ~	  1-‐10	  MeV	  +	  other	  parLcles	  contribuLng	  to	  Neff	  

• interesLng	  in	  all	  cases	  (like	  Higgs	  search	  at	  LHC)
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• Precise	  LSS	  observaLons	  require	  precise	  theoreLcal	  predicLons	  of	  observable	  quanLLes:	  full	  
non-‐linear	  ma_er	  power	  spectrum,	  cosmic	  shear	  spectrum,	  including	  non-‐linear	  bias,	  redshih	  
space	  distorsions…	  

• target:	  1%	  precision	  on	  all	  non-‐linear	  observables	  up	  to	  scale	  k=1	  h/Mpc	  	  	  [Audren	  et	  al.	  2012]

Open	  challenges	  in	  neutrino	  cosmology
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Open	  challenges	  in	  neutrino	  cosmology
• N-‐body	  simulaLon	  challenge:	  neutrinos	  go	  fast	  and	  fill	  large	  volume	  in	  phase	  space.	  Solved	  by	  

brute	  force	  and	  appropriate	  modificaLons	  of	  Gadget-‐III	  for	  mν	  >	  100	  meV.	  ComputaLonally	  
expensive.	  

Several	  group,	  especially	  
Trieste	  and	  Milano	  	  

[movie	  from	  Francisco	  
Villaescusa-‐Navarro]
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Open	  challenges	  in	  neutrino	  cosmology
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Total matter P(k) ratios wrt LCDM

• N-‐body	  simulaLon	  challenge:	  neutrinos	  go	  fast	  and	  fill	  large	  volume	  in	  velocity	  space.	  Solved	  by	  
brute	  force	  and	  appropriate	  modificaLons	  of	  Gadget-‐III	  for	  mν	  >	  100meV.	  ComputaLonally	  
expensive.	  

Several	  group,	  especially	  
Trieste	  and	  Milano	  	  

[ma_er	  spectrum	  raLo	  from	  
DEMNUni,	  Carbone	  et	  al.	  2015]



Open	  challenges	  in	  neutrino	  cosmology
• N-‐body	  simulaLon	  challenge:	  small	  mass	  more	  difficult	  for	  N-‐body	  (high	  velociLes,	  difficult	  to	  

sample	  phase	  space,	  shot	  noise…).	  	  

16

Neutrino power spectrum

Particle

Our method

Linear theory

Excess clustering

Redshift 1 Redshift 0

Non-linear neutrino clustering: only at z < 0.5
Neutrinos in thermal energy tail – small total mass

SoluLon	  of	  [Bird	  &	  Ali-‐Haimoud	  1209.0461]	  :	  	  

mix	  of	  CDM	  parLcles	  +	  analyLc	  linear	  equaLons	  for	  
neutrinos	  in	  Fourier	  space	  sourced	  by	  nonlinear	  
gravitaLonal	  field



Open	  challenges	  in	  neutrino	  cosmology
• gives	  in	  sight	  on	  clustering	  of	  neutrinos	  around	  

halos,	  in	  voids,	  etc.	  

void	  density	  sensiLve	  to	  neutrino	  mass	  
[Massara	  et	  al.	  2015]
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Open	  challenges	  in	  neutrino	  cosmology
• gives	  in	  sight	  on	  clustering	  of	  neutrinos	  around	  

halos,	  in	  voids,	  etc.	  

[Castorina	  et	  al.	  2013,	  2015,	  Villaescusa	  et	  al.	  2013]	  

galaxy-‐to-‐mass	  bias	  :	  galaxies	  and	  virialised	  halos	  trace	  
Pcdm,	  not	  Ptot	  =	  Pcdm	  +	  Pν	  +	  Pcross	  

Similar	  conclusions	  on:	  halo	  mass	  funcLon	  and	  cluster	  

count,	  halo	  model,	  applicaLon	  of	  ΛCDM	  N-‐body	  fi�ng	  

funcLons	  (HALOFIT),	  redshih	  space	  distorsions…
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Open	  challenges	  in	  neutrino	  cosmology
• so	  we	  now	  learn	  how	  to	  derive	  many	  non-‐linear	  astrophysical	  observables	  once	  non-‐linear	  

Pcdm	  computed	  in	  presence	  of	  massive	  neutrinos	  	  

• remains	  computaLonally	  challenging:	  many	  N-‐body	  simulaLons	  with	  1%	  accuracy,	  for	  ΛCDM	  +	  
Mν	  +	  many	  other	  extensions…

19
Comparison between the DEMNUni runs and previous, recent 

simulations of massive neutrino cosmologies in terms of cold dark matter 
mass resolution and volume
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FIG. 1: Comparison between PT (left) and RPT (right) loop expansion for the nonlinear power spectrum in the

Zel’dovich approximation. Pnl denotes the exact result for the nonlinear power spectrum, Eq. (3), whereas P
(ℓ)
PT

(P (ℓ)
RPT) denotes the ℓ-loop correction in PT (RPT). Dashed lines denote negative values. The resummation of the

propagator involved in RPT leads to a well-defined perturbation expansion even in the nonlinear regime, unlike PT.

P (k) =

∫

d3r

(2π)3
eik·r e−k2σ2

v

∞
∑

n=1

[I(k, r)]n

n!
≡

∞
∑

ℓ=0

P (ℓ)
RPT(k), (5)

which is shown in the right panel in Fig. 1 for ℓ = 0, 1, 2, 3. We see that as a result of this partial resumma-
tion, the behavior of the resulting perturbation expansion is drastically altered: successive terms dominate
at increasingly smaller scales, and there are no cancellations among them (all contributions are positive).
Moreover, as we discuss below, RPT provides a physical understanding of the different contributions: the
sum represents the contribution of n-modes coupling (the larger n the generation of power moves to smaller
scales), the decaying exponential factor represents how the amplitude and phases of the Fourier modes differ
from linear evolution from the initial conditions. Indeed, it is easy to see that Eq. (5) can be rewritten as

P (k) = e−k2σ2

v

∞
∑

n=1

n!

∫

δD(k − q1...n)
[

Fn(q1, . . . ,qn)
]2

PL(q1)d
3q1 . . . PL(qn)d3qn, (6)

where q1...n = q1 + . . . + qn, and Fn represents the PT kernels [see Eqs. (10-13) for a definition] in the
Zel’dovich approximation [see Eq. (38) below]. The sum corresponds to all mode-coupling diagrams (with
the appropriate n! weighting), with all “tadpole” diagrams in the language of standard PT [10] being
summed to the exponential prefactor. This propagator renormalization factor is given by the square of

3
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FIG. 5: Diagrams for the correlation function Pab(k, η) up to two-loops (only 7 out of 29 two-loop diagrams are
shown here). The dashed lines represent the points at which the two trees representing perturbative solutions to Ψa

and Ψb have been glued together.

P (0)
ab (k, η)|d1 = gac(η)uc P0(k)ud gbd(η) −→ PL(k, a) = a2(τ)P0(k), (32)

and the integral corresponding to diagram 2 (one loop) in the same figure gives,

P (1)
ab (k, η)|d2 = 2

∫ η

0
ds1

∫ η

0
ds2

∫

d3q
[

g(η − s1) γ
(s)(k,q,k − q) g̃(s1)g̃(s1)

]

a
P0(q)P0(|k − q|)

[

g(η − s2) γ
(s)(−k,−q,−k + q) g̃(s2)g̃(s2)

]

b
. (33)

where we introduced the shorthand notations g̃a(s) = gab(s)ub (= e−sua for growing mode initial conditions)

and [g γ(s) g̃ g̃]a = gab γ
(s)
bcd g̃c g̃d. As a further example, diagram 8 (two loops) gives,

P (2)
ab (k, η)|d8 = 16

∫

d3q

∫

d3p Ga(k,q,p, η) Gb(−k,−p,−q, η) P0(p) P0(q) P0(|k − p − q|), (34)

where we made use of the symmetry with respect to the dashed line in Fig (5) diagram 8, and defined,

Ga(k,q,p, η) =

∫ η

0
ds1

∫ s1

0
ds2 gab(η−s1) γ

(s)
bcd(k,q,k−q) g̃c(s1)gdf(s1−s2) γ

(s)
fgh(k−q,p,k−p−q) g̃g(s2)g̃h(s2).

(35)

11

• Progress	  on	  modelling	  of	  non-‐linear	  perturbaLons	  

• no	  saLsfactory	  approach	  yet	  even	  for	  pure	  ΛCDM	  

• SPT	  (standard	  perturbaLon	  theory)	  :	  order	  2,3,…	  :	  break	  very	  early	  

• RPT	  (renormalised	  perturbaLon	  theory):	  
many	  compeLng	  formulaLons;	  issue	  of	  
convergence;	  doomed	  to	  fail	  on	  small	  scales	  
(based	  on	  equaLons	  valid	  for	  single	  flow;	  no	  
shell-‐crossing)	  [Crocce,	  Soccimarro,	  many	  
others]	  

• EFT	  (EFfecLve	  theory):	  arbitrary	  coefficients	  depending	  on	  model	  parameters	  [Senatore	  et	  al.]	  

• new	  hope	  with	  TSPT	  (Time-‐Slicing	  PerturbaLon	  theory)?	  [Sibiryakov	  et	  al.	  in	  prep.]



Open	  challenges	  in	  neutrino	  cosmology
• Progress	  on	  modelling	  of	  non-‐linear	  perturbaLons	  

• assuming	  good	  soluLon	  exists	  for	  ΛCDM,	  what	  about	  extension	  to	  massive	  neutrinos?	  

• problem:	  which	  equaLons	  to	  start	  with?	  non-‐linear	  CDM	  +	  linear	  ν	  lead	  to	  inconsistencies.	  
[Garny	  et	  al.	  2014]	  

• treat	  massive	  neutrinos	  as	  second	  fluid	  with	  non-‐zero	  sound	  speed	  and	  viscosity	  effects:	  
totally	  wrong	  at	  CMB	  Lme	  (used	  by	  [Audren	  et	  al.	  2015;	  Planck	  2015;	  Durrer	  &	  SellenLn	  
2015]	  to	  claim	  indirect	  CNB	  detecLon	  in	  CMB)	  

• fluid	  approximaLon	  OK	  at	  late	  Lmes	  (sub-‐Hubble	  scales),	  provides	  convenient	  equaLons	  
for	  non-‐linear	  neutrino	  	  perturbaLons	  in	  PT/RPT/etc.	  methods	  [JL	  &	  Tram	  2011;	  Garny	  et	  al.	  
2014,	  Führer	  et	  al.	  2015]
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Open	  challenges	  in	  neutrino	  cosmology
• Progress	  on	  modelling	  of	  non-‐linear	  perturbaLons	  

• assuming	  good	  soluLon	  exists	  for	  ΛCDM,	  what	  about	  extension	  to	  massive	  neutrinos?	  

• reformulate	  equaLons.	  Cut	  phase	  space	  in	  momentum	  bins.	  Each	  bin	  =	  fluid	  with	  given	  
sound	  speed	  and	  no	  velocity	  dispersion/viscosity.	  Central	  bin	  =	  CDM,	  other	  bins	  more	  and	  
more	  linear…	  all	  PTs	  might	  work	  be_er.	  [Dupuy	  &	  Bernardeau	  2014,	  2015]
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		NEUTRINOS	AS	A	COLLECTION	OF	FLOWS	
	
	
	

	

•  Total	distribuBon	funcBon:	
	
•  One	density	field	per	flow:		

	
•  In	each	flow,		
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iniBal	Bme	

later	Bme	

f tot(⌘,x,p) =
X

~⌧

f~⌧ (⌘,x,p).

iniBal	momentum	
(label	of	the	flow)	

nc(⌘,x;~⌧) =

Z
d3pi f~⌧ (⌘, x

i
, pi).

f~⌧ (⌘, x
i
, pi) = nc(⌘,x;~⌧)�D(pi � Pi(⌘,x;~⌧)).

momentum	field	of	the	flow	



Open	  challenges	  in	  neutrino	  cosmology

Summary	  of	  challenges	  to	  match	  ambiLous	  targets	  like	  σ(Mν)	  =	  15-‐20	  meV:	  

• numerical	  progress	  in	  simulaLons	  

• theoreLcal	  progress	  on	  theory	  of	  (non-‐linear)	  large-‐scale	  structure	  in	  presence	  of	  massive	  
neutrinos	  

• analyLcal	  modelling	  of	  non	  linear	  observables	  

• find	  new	  observables	  relevant	  for	  Mν	  (cross	  correlaLons:	  CMB	  x	  LSS	  due	  to	  ISW	  [JL	  et	  al.	  2008;	  
Carbone	  et	  al.	  in	  prep.],	  LSSxLSS	  due	  to	  lensing…)
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