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Ft = ft(1 + �0R)[1� (�C � �NS)]

1. Dispersion formalism for the 𝛾W-box 

2. Calculation of the universal free-neutron RC ΔRV  

3. Splitting the full nuclear RC into free-neutron ΔRV and nuclear modification δNS 

4. Splitting the full RC into “outer” and “inner” 

Superallowed nuclear decays: Free neutron decay:
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The only piece that depends on physics at hadronic scale is the V*A term in the Wγ−box 
diagram:

Its contribution to Rec (“m.d”: model-dependent) is:

where the forward Compton amplitude is defined as:

q q

Radiative Corrections: Modern Treatment
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paper by Sirlin [3], and subsequent refinements by Mar-
ciano and Sirlin (“MS”) have represented the state-of-
the-art for this topic (see, e.g., Ref. [4]). In this context,
the corrections are separated into the “outer” correction
that bears dependence on the electron spectrum, and “in-
ner” correction that is electron energy-independent. The
outer corrections are generally nucleus-dependent, while
the inner corrections contain both nucleus-dependent
part and a universal, nucleus-independent contribution,
�V

R . The latter also enters the rate for the decay of the
free neutron.

The extraction of Vud from superallowed decays re-
lies on several inputs: (i) measurement of the reduced
half-life ft consisting of the half-life t of the given de-
cay channel and the respective branching ratio, and the
statistical rate function f which depends on the avail-
able phase-space (or Q-value) of a decay; (ii) extraction
of Ft – a “corrected ft value”, obtained by factoring
out nucleus-dependent parts of the radiative corrections
and nuclear structure-dependent parts of the transition
matrix elements; (iii) combination of the results from a
variety of decays to yield a global Ft value. From the
latter one obtains [5]:

Superallowed � decays : |Vud|
2 =

2984.43s

Ft(1 +�V
R)

. (1)

Here,

Ft = ft(1 + �0R)(1 + �NS � �C), (2)

where �0R is the outer correction that depends on the elec-
tron energy and the charge Z of the final nucleus and ac-
counts for the Coulomb distortion and other QED e↵ects;
and �NS , �C are nuclear structure-dependent corrections
that are independent of the electron energy.

The analogous relationship for the free neutron is given
by [6]:

Free neutron : |Vud|
2 =

5099.34s

⌧n(1 + 3�2)(1 +�R)
. (3)

where ⌧n is the neutron lifetime; � = gA/gV gives the
ratio of the axial and vector nucleon charged current cou-
plings; and �R includes both the outer corrections and
�V

R . At present, one obtains a more precise value of
Vud from superallowed decays via Eq. (1) than from neu-
tron decay, despite the presence of the additional nuclear
structure-dependent corrections that one must apply to
obtain Ft. With the advent of future, more precise mea-
surements of ⌧n and neutron decay correlations that yield
�, the precision of the Vud determinations from nuclear
and neutron decays may become comparable [7–10].

In both cases, the dominant theoretical uncertainty for
some time has been the hadronic contribution to the W�
box diagram entering �V

R . The associated uncertainty
has been obtained by MS in Ref. [4], corresponding to
a 0.018% uncertainty in the value of Vud. For the nu-
clear structure-dependent corrections, �NS and �C the
analyses of Towner and Hardy (TH) have provided the

canonical inputs used in the determination of the aver-
aged Ft values [5]. Importantly, application of the TH
computed corrections to the most precisely measured su-
perallowed transitions yields a nucleus-independent re-
sult of Ft = 3072.07(63)s [11], in impressive agreement
with the CVC property of the SM charged current in-
teraction. The associated nuclear structure uncertainty
in Vud as obtained by TH is smaller than the hadronic
uncertainty arising from �V

R .
In what follows, we present new analyses of both

sources of theoretical uncertainty using a dispersion rela-
tion framework that was recently presented in Ref. [12].
In that work, we applied this framework to the com-
putation of �V

R , obtaining both a new value for this
quantity and a significant reduction in the theoretical
uncertainty. Below, we provide extensive details enter-
ing that treatment which led to the value of |Vud| =
0.97370(10)Ft(10)RC quoted in that paper. In addi-
tion, we revisit one contribution to the nuclear structure-
dependent correction �NS that is associated with the
Born contribution to the nuclear transition amplitude.
We point out that earlier work has omitted a significant
contribution from the quasielastic (QE) nuclear response,
and provide a first quantification of this contribution
within the context of the dispersion relation framework.
Combining the new hadronic and �NS results, we obtain

|Vud| = 0.97395(21)Ft(10)RC (4)

that is to be compared with the present value quoted in
the PDG: |Vud| = 0.97420(10)Ft(18)RC.

Our discussion of these analyses is organized as follows.
In Section II we provide a brief overview of the current
situation for the experimental and theoretical treatment
of both superallowed and free neutron �-decays. Sec-
tion III introduces the dispersion relation formalism. In
Sections IV-VI we present in detail the computation of
the W� box contribution to �V

R . Section III contains
our analysis of the QE contribution to �NS . In Sec-
tion VIII we show how future measurements of parity-
violating asymmetries in polarized electron-nucleon scat-
tering may a↵ord additional tests of the hadronic contri-
bution to �V

R . We summarize our work in Section IX. A
variety of technical, computational details are given in a
series of appendices.

II. NEUTRON �-DECAY OBSERVABLES AT
TREE- AND ONE-LOOP LEVEL

The di↵erential decay rate of an unpolarized neutron
is given at tree level by:

d�

dEe
=

G2

FV
2

ud

2⇡3
(1 + 3�2)|~pe|Ee(Em � Ee)

2 (5)

where Em = (M2
n � M2

p + m2
e)/2Mn is the maximum

electron energy. The Fermi constant GF is that obtained
from the muon decay. This definition allows to absorb
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FIG. 1: The �W -box diagram relevant for the �
� neutron decay.

III. DISPERSION REPRESENTATION OF THE ”INNER” �W -BOX CORRECTION TO gV .

The �W -box correction is shown in Fig. 1, and is defined as

T�W =
p
2e2GFVud

Z
d4q

(2⇡)4
ūe�µ(k/� q/+me)�⌫(1� �5)v⌫

q2[(k � q)2 �m2
e]

M2
W

q2 �M2
W

T �W
µ⌫ , (6)

where k is the outgoing momentum of the electron. The forward generalized Compton tensor for the �� decay process
W+n ! �p (W�p ! �n for the �+ process relevant for nuclei) represented by the lower blob in Fig. 1 is given by

Tµ⌫
�W =

Z
dxeiqxhp|T [Jµ

em(x)J⌫
W (0)]|ni (7)

with the following definitions of the electromagnetic and charged weak current:

Jµ
em =

2

3
ū�µu�

1

3
d̄�µd

Jµ
W = ūL�

µdL. (8)

Notice that the definition of Tµ⌫
�W above follows that in Ref. [6], which has a di↵erence of factor i comparing to more

common definitions in the analysis of deep-inelastic processes.
As the box diagram contains only one heavy boson propagator, it receives contribution from the loop momentum

q of all scales, ranging from infrared (i.e. q ⇠ me) to ultraviolet. The infrared-singular piece in T�W , together with
the electron and proton wavefunction renormalization as well as the real-photon bremsstrahlung diagrams, give rise
to the Fermi function F (�) and the outer-corrections �(1,2) which are known analytically. In the meantime, most
parts of the inner corrections from T�W to gV are either exactly known due to current algebra or depend only on
physics at high-scale and so are perturbatively calculable. The only piece that depends on the physics at the hadron
scale involves the vector-axial vector correlator in Tµ⌫

�W . Following a notation similar to that in Ref. [2], we define its
correction to the tree-level W -exchange amplitude as:

TW + TV A
�W = �

p
2GFVud

�
1 +⇤V A

�W

�
ūep/(1� �5)v⌫ , (9)

and so its connection to the older notation in [5] is just ⇤V A
�W = (↵/2⇡) (Re c)V A

�W . The explicit expression of ⇤V A
�W is

given by:

⇤V A
�W = 4⇡↵Re

Z
d4q

(2⇡)4
M2

W

M2
W +Q2

Q2 + ⌫2

Q4

T3(⌫, Q2)

M⌫
(10)

where Q2 = �q2, ⌫ = p · q/M with M the average nucleon mass, and T3(⌫, Q2) the parity-odd spin-independent
invariant amplitude of the forward Compton tensor Tµ⌫

�W defined through:

Tµ⌫
�W =

✓
�gµ⌫ +

qµq⌫

q2

◆
T1 +

1

(p · q)

✓
p�

(p · q)

q2
q

◆µ ✓
p�

(p · q)

q2
q

◆⌫

T2 +
i✏µ⌫↵�p↵q�
2(p · q)

T3. (11)

Notice that since ⇤V A
�W is insensitive to physics at the scale q ⇠ me, we have set me, k ! 0 as well as mn = mp = M

to arrive Eq. (10). Furthermore, the fact that the electromagnetic current comes as a mixture of an isoscalar and
isovector permits a decomposition of the forward amplitude in two isospin channels,

T3 = T (0)
3 + T (3)

3 . (12)

Hadronic tensor: two-current correlator

Box at zero momentum transfer* (but with energy dependence)
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FIG. 1: The �W -box diagram relevant for the �
� neutron decay.
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General gauge-invariant decomposition of a spin-independent tensor
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Tμν
γW = ∫ dxeiqx⟨ f |T[Jμ

em(x)Jν,±
W (0)] | i⟩

*Precision goal: 10-4; RC ~ 𝛼/2𝜋 ~ 10-3; recoil on top - negligible
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The only piece that depends on physics at hadronic scale is the V*A term in the Wγ−box 
diagram:

Its contribution to Rec (“m.d”: model-dependent) is:

where the forward Compton amplitude is defined as:

q q

Radiative Corrections: Modern Treatment

TγW = −
α
2π

GFVud ∫
d4qM2

W

q2(M2
W − q2)

ūeγβ(1 − γ5)uν ∑
i

Cβ
i (E, ν, q2)T γW

i (ν, q2)

Loop integral with generally unknown forward amplitudes

Known algebraic functions of external energy E and loop variables 𝜈, q2

pμ = (M, ⃗0 )

E = (pk)/M

ν = (pq)/M
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T γW
i (ν, Q2) =

1
2πi ∮ dz

T γW
i (z, Q2)

z − ν
, ν ∈ C

Im T γW
i (ν, Q2) = 2πFγW

i (ν, Q2)Structure functions Fi𝛾W are NOT data 
But they can be related to data

X = inclusive strongly-interacting  
on-shell physical states

X



𝛾W-box from Dispersion Relations

!6

Crossing behavior: relate the left and right hand cut 
Mismatch between the initial and final states - asymmetric; 
Symmetrize - 𝛾 is a mix of I=0 and I=1

T (I)
i (−ν, Q2) = ξ(I)

i T (I)
i (ν, Q2)

T γW,a
i = T (0)

i τa + T (−)
i

1
2

[τ3, τa]
ξ(0)

1 = + 1, ξ(0)
2,3 = − 1; ξ(−)

i = − ξ(0)
i
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T (I)
i (ν, Q2) = 2∫

∞

0
dν′�[ 1

ν′�− ν − iϵ
+

ξ(I)
i

ν′�− ν − iϵ ] F(I)
i (ν′ �, Q2)

Re⇤odd
�W (E) =

8↵E

3⇡NM

1Z

0

dQ
2

1Z

⌫thr

d⌫

(⌫ + q)3


⌥F

(0)
1 ⌥

✓
3⌫(⌫ + q)

2Q2
+ 1

◆
M

⌫
F

(0)
2 +

⌫ + 3q
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�
+O(E3)

Two types of dispersion relations for scalar amplitudes

Substitute into the loop and calculate leading energy dependence

q = ν2 + Q2

Re □even
γW =

α
πMN ∫

∞

0

dQ2M2
W

M2
W + Q2 ∫

∞

0

dν
ν

ν + 2q
(ν + q)2

F(0)
3 (ν, Q2) + O(E2)
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Inner universal RC from DR
𝛾W-box at zero energy
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Connection to MS: rewrite in terms of the first Nachtmann moment of F3

Re □even
γW =

3α
2π ∫

∞

0

dQ2M2
W

Q2(M2
W + Q2)

M(0)
3 (1,Q2) =

α
8π ∫

∞

0

dQ2M2
W

M2
W + Q2

FMS(Q2)

M(0)
3 (1,Q2) =

4
3 ∫

1

0
dx

1 + 2 1 + 4M2x2/Q2

(1 + 1 + 4M2x2/Q2)2
F(0)

3 (x, Q2)

FMS(Q2) =
12
Q2

M(0)
3 (1,Q2)

Re □even
γW =

α
πM ∫

∞

0

dQ2M2
W
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W + Q2 ∫

∞

0

dν
ν

ν + 2q
(ν + q)2

F(0)
3 (ν, Q2)

Re □odd
γW (E = 0) = 0

x =
Q2

2Mν

MS loop fn. F(Q2) directly related to M3(0)

F(0)
3 ∝ ∫ dxeiqx⟨p | [Jμ,(0)

em (x), Jν,+
W (0)] |n⟩ ∼ ∫ dxeiqx ∑

X

⟨p |Jμ,(0)
em (x) |X⟩⟨X |Jν,+

W (0) |n⟩

SF F3  - commutator of em and weak currents - insert complete set of on-shell hadronic states
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FIG. 3: Idealized structure of virtual photoabsorption on the nucleon (upper panel) and nuclei (lower panel). Plot taken from
the web but we’d need to make one ourselves.

Caution: We need to put back the superscript V A to ⇤�W because ⇤�W 6= ⇤V A
�W !! (i.e. V ⇥ A is NOT the only

non-zero piece in �W box diagram)
Compared to the old result by MS

⇤V A
�W =

↵

8⇡

Z 1

0

dQ2M2
W

M2
W +Q2

F (Q2), (17)

which only explicitly considered Q2 as a dynamical variable, our result allows for a greater detalization as we provide
a dispersion representation of that function,

F (Q2) =

Z 1

0
d⌫

8(⌫ + 2q)

M⌫(⌫ + q)2
F (0)
3 (⌫, Q2). (18)

This is the first essentially new result of our work. Armed with this new dispersive representation we can address
model dependence of the box graph calculation on a qualitatively new level. In doing so we can also rely on experi-
mental data: while F �W

3 (⌫, Q2) itself is not directly observable, its weak isospin partners F �Z
3 (⌫, Q2), FZZ

3 (⌫, Q2) and
FWW
3 (⌫, Q2) enter observables in inclusive electron and neutrino scattering.

IV. PHYSICS INPUT INTO THE DISPERSION RELATION FOR F
�W
3

It is informative to take a look at the general structure of the virtual photoabsorption spectrum displayed in Fig.
3. For a fixed value of Q2 one clearly sees three major structures as one goes from low to high energy ⌫: elastic peak
at Q2/(2M) (broadened by radiative corrections); nucleon resonances and non-resonant pion production starting
from the pion threshold [Q2 + (M +m⇡)2 �M2]/(2M) and up to roughly 2.5 GeV above the threshold; high-energy
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Dispersive Approach: Formalism

Dispersion in energy:  
scanning hadronic intermediate states

Dispersion in Q2:  
scanning dominant physics pictures

2W

2Q

( )2πmM +2M

Bo
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Parton + pQCD

Nπ Res.
+B.G

Regge
+VMD

2GeV2~

2GeV5~

Boundaries between regions - approximate 

Input to DR related (directly or indirectly) 
to experimentally accessible data 

!9

W2 = M2 + 2Mν − Q2
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Figure 2: (Color online) Phase space of the structure functions

F (0)
3 and F ⌫p+⌫̄p

3 in the W 2–Q2 plane.

which will prove useful when comparing their results with

ours. Furthermore, since F (0)
3 depends directly on on-

shell intermediate hadronic states, it provides better han-
dle on the physics that may enter at various scales. Fig.
2 depicts the domain in the W 2–Q2 plane over which

F (0)
3 has support: the single-nucleon elastic pole is at

W 2 = M2, and the inelastic continuum covers the region
above W 2 > (M +m⇡)2.

Our parameterization of F (0)
3 is as follows:

F (0)
3 = FBorn +

8
<

:
FpQCD, Q2 & 2 GeV2

F⇡N+Fres+FR, Q2 . 2 GeV2 ,
(12)

where each component is given by

FBorn = �
1

4
(Gp

M +Gn
M )GA�(1� x) (13)

R 1
0 dxFpQCD =

1

12
[1 + pQCD] (14)

F⇡N = F�PT ⇥ (F p
1 + Fn

1 )
|GA|

gA
(15)

Fres = negligible (16)

FR = C�W fth
m2

!

m2
! +Q2

m2
a1

m2
a1

+Q2

✓
⌫

⌫0

◆↵⇢
0

, (17)

and supplies the dominant contribution to F (0)
3 in various

regions indicated in Fig. 2 which we describe next.
We obtain the elastic Born contribution at W 2 = M2

in (13) by using the updated values of the magnetic Sachs
form factor GM and the axial form factor GA for the
nucleon [25, 26]. Above threshold, W 2

� (M + m⇡)2,
we consider the dominant physics operating in various
of domains in the Q2–W 2 plane separately. At large

Q2 & 2 GeV2, the Nachtmann moment M (0)
3 reduces to

the Mellin moment and is fixed by the sum rule corrected
by pQCD in Eq. (14) by analogy with that of the polar-
ized Bjorken sum rule [MS]. At small Q2 . 2 GeV2, we

Figure 3: Regge exchange model (a) for F (0)
3 and (b) for

F ⌫p+⌫̄p
3 using vector meson dominance.

estimate the contribution (15) near the inelastic thresh-
old by computing the single pion production contribution
F�PT in Chiral Perturbation Theory (�PT) at leading
order. To improve the behavior of F�PT at larger Q2,
we replace the point-like nucleon vertices with measured
Dirac and axial nucleon form factors, F1 and GA. At
higher W 2, we investigated the impact of several low-
lying I = 1/2 resonances based on a few models [27–29],
and found their contributions to ⇤V A

�W to be negligible.

Finally, at large W 2, we use the form in Eq. (17) in-
spired by Regge phenomenology together with VMD [30]
as illustrated in Fig. 3a. In this picture, the Regge behav-
ior (⌫/⌫0)↵

⇢
0 arises from the exchange of the ⇢ trajectory

with intercept ↵⇢
0 = 0.477 [31], and is coupled to the ex-

ternal currents via a1 and ! mesons encoded by the VMD
factors m2

V /(m
2
V +Q2). We include a threshold function

fth = ⇥(W 2
� W 2

th)
�
1� exp[(W 2

th �W 2)/⇤2
th]

�
which

smoothly vanishes at the two-pion threshold point W 2
th =

(M +2m⇡)2 to model the smooth background in the res-
onance region [10]. We choose equal values for the Regge
and threshold scales of ⌫0 = ⇤th = 1 GeV, to ensure that
Regge behavior sets in around W 2

⇠ (2.5 GeV)2. The
function C�W (Q2) accounts for residual Q2-dependence
beyond that of the VMD, which we infer from experi-
mental data as explained below.

Since the isospin structure of F (0)
3 is (I = 0)⇥ (I = 1),

it is not directly accessible experimentally. However, in-
formation about the P -odd structure function with a
di↵erent isospin structure (I = 1)⇥ (I = 1) is available
from ⌫- and ⌫̄-scattering. In particular, data exists on
the first Nachtmann moment M⌫p+⌫̄p

3 for the combina-

tion F ⌫p+⌫̄p
3 = (FW�

3 + FW+

3 )/2 derived from the dif-
ference of ⌫p and ⌫̄p di↵erential cross sections. The data
by CCFR [32, 33], BEBC/Gargamelle [34] and WA25 [35]
cover a wide region of Q2 from 0.15 to 600 GeV2 (see Fig.
4). Although the precision below Q2

⇡ 1.4 GeV2 is less
satisfactory, we are able to use it to collect information
about the form of the analogous Regge coe�cient func-
tion CWW (Q2) for this structure function, and thereby
infer the form of the required C�W (Q2) as follows.

We parametrize the structure function F ⌫p+⌫̄p
3 in pre-

cisely the same way as in (12) for F (0)
3 , and establish

F ⌫p+⌫̄p
Born , F ⌫p+⌫̄p

pQCD , F ⌫p+⌫̄p
⇡N , F ⌫p+⌫̄p

res and F ⌫p+⌫̄p
R along sim-

ilar lines. In this case,
R 1
0 dxF ⌫p+⌫̄p

pQCD satisfies the Gross-

Our parametrization of the needed SF 
follows from this diagram

Born: elastic FF from e-, ν scattering data 

πN:  
relativistic ChPT calculation plus nucleon FF 

Resonances:  
axial excitation from PCAC (Lalakulich et al 2006) - neutrino scattering 
isoscalar photo-excitation from MAID and PDG - electron and γ inelastic scattering 

Above resonance region:  
        multiparticle continuum economically described by Regge exchanges
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with FS,V
1,2 = F p

1,2 ± Fn
1,2 and q the incoming momentum. The weak CC vertex is given by

�a,µ
W (q) =

h
FW
1 (Q2)�µ + FW

2 (Q2)i�µ↵ q↵
2M

+GA(Q
2)�µ�5

i
⌧a; (20)

here we do not display the pseudoscalar structure function g3(Q2) that does not contribute to the box diagram.
A straightforward calculation leads to the following expression for the elastic contribution to the structure function,

F (0),B
3 = �

Q2

8M
GA(Q

2)GS
M (Q2)�(⌫ �Q2/2M). (21)

where GS
M = FS

1 + FS
2 is the isoscalar magnetic Sachs form factor. The resulting contribution to the box correction

reads

⇤V A,Born
�W = �

↵

⇡

Z 1

0
dQ

2
p

4M2 +Q2 +Q
⇣p

4M2 +Q2 +Q
⌘2GA(Q

2)GS
M (Q2) (22)

Above, we neglected the Q2-dependence of the W -propagator since the integral converges way below Q2
⇠ M2

W due
to nucleon form factors. Notice that unlike Marciano and Sirlin who only account for the elastic contribution in the
low-Q2 part of the integral, in the dispersive approach it extends to all Q2.

Numeric evaluation with modern data on electromagnetic and weak form factors is reported in the Appendix A
and leads to

⇤V A,Born
�W =

↵

2⇡
(0.908± 0.049) = (1.05± 0.06)⇥ 10�3, (23)

slightly above the MS value [2],

⇤V A,Born
�W

���
MS

=
↵

2⇡
(0.829± 0.083) = (9.63± 0.96)⇥ 10�4. (24)

The two calculations agree within the errors, but the uncertainty in the MS calculation is rather arbitrarily assigned
as ±10%, whereas ours is derived from the most recent information on nucleon form factors and is half of that in MS.
This result is essentially model-independent: form factors are fixed by data on electron and neutrino scattering. If
future data will further constrain the form factors, the uncertainty can be further reduced.

B. DIS contribution

After we have separated out the elastic contribution, the remaining integral contains the contributions of the
inelastic states.

⇤Inel.
�W =

↵

⇡

Z 1

0

dQ2

1 + Q2

M2
W

Z 1

⌫⇡

d⌫

(⌫ + q)2
⌫ + 2q

M⌫
F (0),inel.
3 . (25)

To compute this integral, knowledge of inclusive intermediate hadronic states in the full ⌫, Q2 range is required. This
information is not available in general kinematics. At high Q2

� ⇤2, with ⇤ ⇠ 1 GeV a typical hadronic scale, a hard
virtual boson couples to perturbative quarks where the calculation simplifies.

We split the Q2-integral in Eq. (25) to below and above ⇤2, which should be chosen such as to ensure the DIS to
dominate above, and rewrite the high-Q2 integral in terms of x = Q2/(2M⌫),

⇤DIS
�W =

2↵

⇡

Z 1

⇤2

dQ2M2
W

Q2(Q2 +M2
W )

Z x⇡

0
dx

1 + 2
p

1 + 4M2x2/Q2

(1 +
p

1 + 4M2x2/Q2)2
F (0)
3 (x,Q2). (26)

In the parton model the structure function F (0)
3 depends on a combination of PDF’s

F (0)
3 (x) =

eu + ed
8

(d(x)� ū(x)). (27)



Inelastic states - low Q2, high W

F (0),Regge
3 (⌫, Q2) = CR(Q

2)

✓
⌫

⌫0

◆↵⇢
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Scattering at high energy can be very effectively described by Regge exchanges

γW-box: conversion of W± (charged, I=1, axial) to γ (neutral, vector, I=0) 
requires charged vector exchange w. I=1 - ρ± 
effective a1 - ρ - ω vertex

Regge behavior in EW processes: hadron-like behavior of HE electroweak probes -  
Vector/Axial Vector Dominance is the proper language

Inclusive ν scattering: conversion of W± (charged, I=1, axial) to W± (charged, I=1, axial)  
requires neutral vector exchange w. I=0 - ω 
effective a1 - ω - ρ vertex

Minimal model for both reactions - check with data.

Compare to Bill’s F(Q2) ~ 1/Q2 at high-Q2

VM propagators 1/(Ma2+Q2)/(Mρ2+Q2) ~ 1/Q4, more natural for hadronic amplitudes
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Unfortunately, no data can be obtained for 

Data exist for the pure CC processes 

F �W (0)
3

8

model (VDM)-motivated form,

F
INT(Q2) = �

1.490

Q2 +m2
⇢

+
6.855

Q2 +m
2
A

�
4.414

Q2 +m
2
⇢0
, (30)

with m⇢ = 0.776 GeV, mA = 1.230 GeV and m⇢0 = 1.465 GeV, and numerical coe�cients were obtained by imposing
three constraints:

I

Z 1

⇤2

dQ
2 M

2
W

M
2
W +Q2

F
INT(Q2) =

Z 1

⇤2

dQ
2 M

2
W

M
2
W +Q2

F
DIS

Q
2)

II lim
Q2!1

Q
4

"
F

INT(Q2)�
limQ2!1

�
Q

2
F

INT(Q2)
�

Q2

#
= 0

III F
INT(0) = 0. (31)

Finally, the matching point Q = 0.823 GeV is determined by requiring that FBorn(Q2) = F
INT(Q2) at that point.

Among the three conditions above, we show via explicit calculation that condition III does not hold. The latter
requires that the following superconvergence relation holds exactly,

Z 1

⌫⇡

d⌫

⌫2
F

(0)
3 (⌫, Q2 = 0) = 0. (32)

To the validity of this conjecture Ref. [3] asserts that this is required by chiral perturbation theory (ChPT), and
a more detailed proof will be reported in an upcoming work. Unfortunately, this proof has never been published. In
Appendix B we perform an explicit calculation in relativistic ChPT and demonstrate that this relation does not hold.

IV. PHYSICS INPUT TO F ⌫p+⌫̄p
3

It is informative to take a look at the general structure of the virtual photoabsorption spectrum displayed in Fig. 4.
For a fixed value of Q2 one clearly sees three major structures as one goes from low to high energy ⌫: elastic peak at
Q

2
/(2M) (broadened by radiative corrections); nucleon resonances and non-resonant pion production starting from the

pion threshold [Q2+(M +m⇡)2�M
2]/(2M) and up to roughly 2.5 GeV above the threshold; high-energy continuum

corresponding to multi-particle production that, depending on the value of Q2, can be economically described by
t-channel Regge exchanges (low Q

2) or quasi-free quark knock-out in the deep-inelastic regime (high Q
2). Exactly

the same structure is expected in neutrino scattering associated with the absorption of a virtual W -boson.

FIG. 4: Idealized structure of virtual photoabsorption on the nucleon.

Accordingly, we aim at describing F
⌫p+⌫̄p
3 at Q

2
 2 GeV2 as a sum of elastic (Born) contribution, non-resonant

⇡N continuum, several low-lying � and N
⇤-resonances, and the high-energy Regge contribution,

F
⌫p+⌫̄p
3, low�Q2 = F

⌫p+⌫̄p
3, el. + F

⌫p+⌫̄p
3,⇡N + F

⌫p+⌫̄p
3, R + F

⌫p+⌫̄p
3,Regge. (33)
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Consequently, upon neglecting the terms ⇠ M2/Q2 and allowing x⇡ ! 1 we obtain

⇤V,DIS
�W ⇡

3↵

2⇡

Z 1

⇤2

dQ2M2
W

Q2(Q2 +M2
W )

Z x⇡

0
dx

eu + ed
8

(d(x)� ū(x)). (28)

Note that the neglected kinematically suppressed terms have no impact on the final result. Assuming further a
symmetric sea in the nucleon, ū = d̄, the integral over x simply gives the number of valence d-quarks inside the
neutron,

R 1
0 dx(d(x)� d̄(x)) = 2, and we obtain the large logarithm term already obtained by MS:

⇤DIS
�W ⇡

3↵

2⇡

eu + ed
4

ln
M2

W

⇤2
=

↵

4⇡
ln

MW

⇤
, (29)

An important result from Ref. [2] was to realize that all pQCD corrections to this leading logarithm term are identical
to those entering Bjorken sum rule. These corrections modify the leading log (LL) result for the M&S function F (Q2),

FLL(Q2) =
1

Q2
! F pQCD =

1

Q2

2

41� ↵MS
s

⇡
� C2

 
↵MS
s

⇡

!2

� C3

 
↵MS
s

⇡

!3
3

5 , (30)

with C2 = 4.583 � 0.333NF and C3 = 41.440 � 7.607NF + 0.177N2
F , NF standing for the number of e↵ective quark

flavors, and ↵MS
s (Q2) denotes the running strong coupling constant in the modified minimal subtraction scheme.

Numerically, the pQCD corrections reduce the large log ln(MZ/⇤) ⇡ 4.11 by roughly 8 %, Ag = �0.34 [2].
The first moment of the structure function F3 is also known as Gross-Llewellyn-Smith (GLS) sum rule. It is directly

accessible in neutrino and antineutrino deep inelastic scattering:

d2�⌫(⌫̄)

dxdy
=

G2
FME

⇡


xy2F1 +

✓
1� y �

Mxy

2E

◆
F2 ± x

✓
y �

y2

2

◆
F3

�
, (31)

so a measurement of the di↵erence of the neutrino and antineutrino cross sections gives F3 which arises as an inter-
ference between the axial and vector currents of the W .

GLS sum rule has been extensively studied in the literature. Fig. 5 displays the comparison of a compilation of
world data on GLS sum rule and the pQCD prediction. Note that it di↵ers from the pQCD running of Bjorken sum
rule in Eq. (30) just in one coe�cient at ↵2

s.

C. Inelastic contributions beyond DIS

In the remaining piece of the Q2-integral we can once again neglect the Q2-dependence of the W -propagator, and
it becomes

⇤lowQ2

�W =
↵

⇡

Z ⇤2

0
dQ2

Z 1

⌫⇡

d⌫

(⌫ + q)2
⌫ + 2q

M⌫
F (0)
3 . (32)

This contribution should be compared to the integral over what M&S called an interpolating contribution

⇤V A (0)
�W =

↵

8⇡

Z ⇤2

Q2
0

dQ2F INT(Q2), (33)

where the lower limit of integration was chosen to be Q2
0 = (0.823GeV)2. The respective function under the integral

was taken in the VDM-motivated form,

F INT(Q2) = �
1.490

Q2 +m2
⇢

+
6.855

Q2 +m2
A

�
4.414

Q2 +m2
⇢0
, (34)

with m⇢ = 0.776 GeV, mA = 1.230 GeV and m⇢0 = 1.465 GeV, and numerical coe�cients were obtained by imposing
three constraints:

I F INT(⇤2) = FDIS(⇤2)

II F INT((0.823GeV)2) = FBorn((0.823GeV)2)

III F INT(0) = 0. (35)
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Low-W part of spectrum:  
neutrino data from MiniBooNE, Minerva, …  
- axial FF, resonance contributions, pi-N continuum 

High-W: Regge behavior F3 ∼ q𝓋 ∼ x-𝛼, 𝛼 ∼ 0.5-0.7

Z 1

0
dx(up

v(x) + dpv(x)) = 3

�⌫p � �⌫̄p ⇠ F ⌫p
3 + F ⌫̄p

3 = up
v(x) + dpv(x)

Gross-Llewellyn-Smith sum rule

Validate the model for CC process; apply an isospin rotation to obtain γW

2W

2Q

( )2πmM +2M
Bo

rn

Parton + pQCD

Nπ Res.
+B.G

Regge
+VMD

2GeV2~

2GeV5~



Parameters of the Regge model from neutrino scattering
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Low Q2 < 0.1 GeV2: Born + Δ(1232) dominate 
Not fitted: modern data more precise but  
cover only limited energy range 
Fit driven by 4 data points between 0.2 and 2 GeV2

M3WW (1,Q2)

M3γW (1,Q2)

Isospin symmetry

Model & Uncertainty fully specified  
- compare M&S vs This work

Log scale for x-axis: integral = surface under the curve

M&S: integrand discontinuous at Q2 = 2.25 GeV2

Uncertainty reduced by almost factor 2; 
~ 3-5 sigma shift from the old value
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2. Nuclear structure modification of ΔRV
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C-Y Seng, MG, M J Ramsey-Musolf, arXiv: 1812.03352



Splitting the γW-box into Universal and Nuclear Parts 
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Correspondingly, the calculation of the �W -box cor-
rection in the nuclear case will need to be modified. The
standard approach to organizing the radiative corrections
to nuclear beta decay advocated in Refs. [3, 4, 30] is sum-
marized in Eq. 1 which we repeat here,

|Vud|
2 =

2984.43s

Ft(1 +�V
R)

, (51)

with Ft = ft(1 + �0R)(1 + �NS � �C). Apart from �0R,
all other terms are inner corrections that are indepen-
dent of the electron energy. The identification of various
terms follows a clear logics: �V

R is the universal part
that stems from the �W -box on a free nucleon, while all
of the nuclear structure dependence is retained in �NS

and �C . This procedure corresponds to extracting the
free nucleon correction from the nuclear one,

⇤VA, Nucl.
�W = ⇤VA, free n

�W +
h
⇤VA, Nucl.

�W �⇤VA, free n
�W

i
,(52)

the first term is then absorbed in �V
R , while the second

term makes part of �NS��C . No approximation has been
made at this step since it is an identical rewriting of the
nuclear �W -box. However, technically this manipulation
does matter because the two terms are treated very dif-
ferently. The nucleon term is treated via loop integration
techniques with some phenomenological input [3] or via
dispersion relations as in this work. The second term
is at present calculated in nonrelativistic nuclear models
[4]. As a consequence, all nuclear e↵ects are assumed
to reside in the low-energy part of the spectrum of the

nuclear F (0)
3, �W since nuclear shadowing e↵ects [31] can-

not be addressed in nonrelativistic nuclear models. This
means that, apart from purely nuclear e↵ects that involve
a mismatch of proton and neutron distributions inside the
parent and the daughter nucleus (�C), or a coupling of
� and W to two di↵erent nucleons in the nucleus (�NS),
the only term that requires a modification is the Born
contribution. This modification, coined as quenching of
the Born contribution, was first introduced and calcu-
lated in Ref. [30], and has been included in the nuclear
structure term �NS ever since, with very modest changes.
Recalling that ⇤VA

�W = ↵
2⇡ [CB + . . . ], ellipses denoting all

contributions other than Born, one writes

C free n
B ! C Nucl.

B = C free n
B + [q(0)S qA � 1]C free n

B . (53)

The isoscalar magnetic and isovector axial couplings

quenching parameters q(0)S and qA, respectively, describe
the reduction of the spin-flip interaction strengths in the

nuclear environment, with q(0)S , qA  1. Ref. [30]’s ap-
proach to determining the quenching parameters relies
on using nuclear shell model calculations of quenching
of the nucleon’s magnetic moment and axial charge in
magnetic and Gamow-Teller transitions between two nu-
clear states, then assuming that these couplings simply
rescale the free nucleon Born contribution to �W -box
which entails assuming that the Q2-dependence inside

the nucleon and nuclear box is the same. With these as-
sumptions and using CB = 0.89, Refs. [30, 32] obtain
the quenched Born contribution for nuclei of interest to
monotonically decrease from �0.189 for 10C to �0.306
for 74Rb. These results have propagated in all further
evaluations of �NS . Refs. [30, 32] assigned a generic
10% uncertainty to this contribution. We note here that
both assumptions in the approach of Ref. [30] are not
well-justified: the quasielastic contribution to �W -box
requires a quasi-free active nucleon between the � and
W couplings instead of a bound nucleon inside an excited
nuclear state, compare Fig. 9b) and a), respectively; The
Q2-dependence under the integral in the nuclear box is
likely to di↵er very strongly from that on a free nucleon.

FIG. 9: Diagrammatic representation of the quenching mech-
anism of the Born contribution in the approach of Refs.
[30, 32] , diagram a) with the parent (daughter) nucleus A

(A0), and an excited nuclear state Ã accessed via a Gamow-
Teller transition from the parent and via a magnetic transition
from the daughter. Panel b) shows the quasielastic picture
with a single-nucleon knockout.

In this section we propose an alternative method to
calculate the nuclear corrections, based on the dispersion
formalism. We start from the dispersion representation
of the �W -box correction in Eq. (23) with the nuclear

structure function F (0), Nucl.
3, �W , defined per active nucleon,
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with N the number of neutrons (protons) in the �� (�+)
decay process, respectively. Here we will neglect discrete
excited nuclear states and nuclear e↵ects at high ener-
gies (these will be addressed in an upcoming work), and
concentrate on the quasielastic part of the spectrum be-
low pion production threshold, see Fig. 8. Then, we
can estimate the part of nuclear e↵ects encoded in the
quasielastic contribution similar to quenching of the Born
contribution discussed above,

C Nucl.
B = C free n

B + [CQE � C free n
B ]. (55)

Instead of defining the quenching via a simple rescaling of
the Born we will directly calculate CQE from a dispersion
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Correspondingly, the calculation of the �W -box cor-
rection in the nuclear case will need to be modified. The
standard approach to organizing the radiative corrections
to nuclear beta decay advocated in Refs. [3, 4, 30] is sum-
marized in Eq. 1 which we repeat here,

|Vud|
2 =

2984.43s

Ft(1 +�V
R)

, (51)

with Ft = ft(1 + �0R)(1 + �NS � �C). Apart from �0R,
all other terms are inner corrections that are indepen-
dent of the electron energy. The identification of various
terms follows a clear logics: �V

R is the universal part
that stems from the �W -box on a free nucleon, while all
of the nuclear structure dependence is retained in �NS

and �C . This procedure corresponds to extracting the
free nucleon correction from the nuclear one,

⇤VA, Nucl.
�W = ⇤VA, free n

�W +
h
⇤VA, Nucl.

�W �⇤VA, free n
�W

i
,(52)

the first term is then absorbed in �V
R , while the second

term makes part of �NS��C . No approximation has been
made at this step since it is an identical rewriting of the
nuclear �W -box. However, technically this manipulation
does matter because the two terms are treated very dif-
ferently. The nucleon term is treated via loop integration
techniques with some phenomenological input [3] or via
dispersion relations as in this work. The second term
is at present calculated in nonrelativistic nuclear models
[4]. As a consequence, all nuclear e↵ects are assumed
to reside in the low-energy part of the spectrum of the

nuclear F (0)
3, �W since nuclear shadowing e↵ects [31] can-

not be addressed in nonrelativistic nuclear models. This
means that, apart from purely nuclear e↵ects that involve
a mismatch of proton and neutron distributions inside the
parent and the daughter nucleus (�C), or a coupling of
� and W to two di↵erent nucleons in the nucleus (�NS),
the only term that requires a modification is the Born
contribution. This modification, coined as quenching of
the Born contribution, was first introduced and calcu-
lated in Ref. [30], and has been included in the nuclear
structure term �NS ever since, with very modest changes.
Recalling that ⇤VA

�W = ↵
2⇡ [CB + . . . ], ellipses denoting all

contributions other than Born, one writes

C free n
B ! C Nucl.

B = C free n
B + [q(0)S qA � 1]C free n

B . (53)

The isoscalar magnetic and isovector axial couplings

quenching parameters q(0)S and qA, respectively, describe
the reduction of the spin-flip interaction strengths in the

nuclear environment, with q(0)S , qA  1. Ref. [30]’s ap-
proach to determining the quenching parameters relies
on using nuclear shell model calculations of quenching
of the nucleon’s magnetic moment and axial charge in
magnetic and Gamow-Teller transitions between two nu-
clear states, then assuming that these couplings simply
rescale the free nucleon Born contribution to �W -box
which entails assuming that the Q2-dependence inside

the nucleon and nuclear box is the same. With these as-
sumptions and using CB = 0.89, Refs. [30, 32] obtain
the quenched Born contribution for nuclei of interest to
monotonically decrease from �0.189 for 10C to �0.306
for 74Rb. These results have propagated in all further
evaluations of �NS . Refs. [30, 32] assigned a generic
10% uncertainty to this contribution. We note here that
both assumptions in the approach of Ref. [30] are not
well-justified: the quasielastic contribution to �W -box
requires a quasi-free active nucleon between the � and
W couplings instead of a bound nucleon inside an excited
nuclear state, compare Fig. 9b) and a), respectively; The
Q2-dependence under the integral in the nuclear box is
likely to di↵er very strongly from that on a free nucleon.

FIG. 9: Diagrammatic representation of the quenching mech-
anism of the Born contribution in the approach of Refs.
[30, 32] , diagram a) with the parent (daughter) nucleus A

(A0), and an excited nuclear state Ã accessed via a Gamow-
Teller transition from the parent and via a magnetic transition
from the daughter. Panel b) shows the quasielastic picture
with a single-nucleon knockout.

In this section we propose an alternative method to
calculate the nuclear corrections, based on the dispersion
formalism. We start from the dispersion representation
of the �W -box correction in Eq. (23) with the nuclear

structure function F (0), Nucl.
3, �W , defined per active nucleon,
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with N the number of neutrons (protons) in the �� (�+)
decay process, respectively. Here we will neglect discrete
excited nuclear states and nuclear e↵ects at high ener-
gies (these will be addressed in an upcoming work), and
concentrate on the quasielastic part of the spectrum be-
low pion production threshold, see Fig. 8. Then, we
can estimate the part of nuclear e↵ects encoded in the
quasielastic contribution similar to quenching of the Born
contribution discussed above,

C Nucl.
B = C free n

B + [CQE � C free n
B ]. (55)

Instead of defining the quenching via a simple rescaling of
the Born we will directly calculate CQE from a dispersion
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term makes part of �NS��C . No approximation has been
made at this step since it is an identical rewriting of the
nuclear �W -box. However, technically this manipulation
does matter because the two terms are treated very dif-
ferently. The nucleon term is treated via loop integration
techniques with some phenomenological input [3] or via
dispersion relations as in this work. The second term
is at present calculated in nonrelativistic nuclear models
[4]. As a consequence, all nuclear e↵ects are assumed
to reside in the low-energy part of the spectrum of the

nuclear F (0)
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not be addressed in nonrelativistic nuclear models. This
means that, apart from purely nuclear e↵ects that involve
a mismatch of proton and neutron distributions inside the
parent and the daughter nucleus (�C), or a coupling of
� and W to two di↵erent nucleons in the nucleus (�NS),
the only term that requires a modification is the Born
contribution. This modification, coined as quenching of
the Born contribution, was first introduced and calcu-
lated in Ref. [30], and has been included in the nuclear
structure term �NS ever since, with very modest changes.
Recalling that ⇤VA
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The isoscalar magnetic and isovector axial couplings

quenching parameters q(0)S and qA, respectively, describe
the reduction of the spin-flip interaction strengths in the

nuclear environment, with q(0)S , qA  1. Ref. [30]’s ap-
proach to determining the quenching parameters relies
on using nuclear shell model calculations of quenching
of the nucleon’s magnetic moment and axial charge in
magnetic and Gamow-Teller transitions between two nu-
clear states, then assuming that these couplings simply
rescale the free nucleon Born contribution to �W -box
which entails assuming that the Q2-dependence inside

the nucleon and nuclear box is the same. With these as-
sumptions and using CB = 0.89, Refs. [30, 32] obtain
the quenched Born contribution for nuclei of interest to
monotonically decrease from �0.189 for 10C to �0.306
for 74Rb. These results have propagated in all further
evaluations of �NS . Refs. [30, 32] assigned a generic
10% uncertainty to this contribution. We note here that
both assumptions in the approach of Ref. [30] are not
well-justified: the quasielastic contribution to �W -box
requires a quasi-free active nucleon between the � and
W couplings instead of a bound nucleon inside an excited
nuclear state, compare Fig. 9b) and a), respectively; The
Q2-dependence under the integral in the nuclear box is
likely to di↵er very strongly from that on a free nucleon.

FIG. 9: Diagrammatic representation of the quenching mech-
anism of the Born contribution in the approach of Refs.
[30, 32] , diagram a) with the parent (daughter) nucleus A

(A0), and an excited nuclear state Ã accessed via a Gamow-
Teller transition from the parent and via a magnetic transition
from the daughter. Panel b) shows the quasielastic picture
with a single-nucleon knockout.

In this section we propose an alternative method to
calculate the nuclear corrections, based on the dispersion
formalism. We start from the dispersion representation
of the �W -box correction in Eq. (23) with the nuclear

structure function F (0), Nucl.
3, �W , defined per active nucleon,
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with N the number of neutrons (protons) in the �� (�+)
decay process, respectively. Here we will neglect discrete
excited nuclear states and nuclear e↵ects at high ener-
gies (these will be addressed in an upcoming work), and
concentrate on the quasielastic part of the spectrum be-
low pion production threshold, see Fig. 8. Then, we
can estimate the part of nuclear e↵ects encoded in the
quasielastic contribution similar to quenching of the Born
contribution discussed above,

C Nucl.
B = C free n

B + [CQE � C free n
B ]. (55)

Instead of defining the quenching via a simple rescaling of
the Born we will directly calculate CQE from a dispersion
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data as described in the previous sections. The second
(nuclear) term is at present calculated in non-relativistic
nuclear models. The procedure of subtracting the former
from the latter may introduce additional model depen-
dence, raising concerns about additional as of yet un-
quantified theoretical uncertainty. We observe that such
uncertainty would have to be primarily of a systematic,
nucleus-independent nature so as not to spoil the present
agreement with the CVC property of the charged current
weak interaction. In this Section we argue that with the
use of dispersion relations one may evaluate both the
free nucleon term and the nuclear �W -box correction on
an equal footing. In doing so, we will show that the
previous treatment of the latter has, indeed, omitted an
important, universal nuclear correction.

Working with the nucleons as the relevant degrees of
freedom for describing the nuclear structure, the �W -
box calculation has two generic contributions: one arising
from the one-body current operator and a second involv-
ing two-body currents. For a given nuclear model, the
latter are required for consistency with the nuclear con-
tinuity equation (current conservation). Considering now
the one-body current contribution, we write the nuclear
�W Compton amplitude schematically as

T �W nuc

µ⌫ ⇠ hf |JW
µ Gnuc J

EM

⌫ |ii (57)

where |ii and |fi are the intitial and final nuclear states;
JW
µ and JEM

⌫ are the weak charged current and electro-
magnetic current, respectively; and

Gnuc =
X

n

|nihn|

En � E0

(58)

is the nuclear Green’s function (we have omitted space-
time arguments for simplicity). Considering first fully
relativistic nucleons described by Dirac spinors N , the
one-body weak current in momentum space is

JW
µ =

X

k

N̄k

⇥
gA(Q

2)⌧3(k)�µ + · · ·
⇤
Nk

⌘

X

k

JW
µ (k) (59)

where the “+ · · · ” indicate contributions from the weak
magnetism and induced pseudoscalar terms and where
the sum is over all nucleons k = 1, . . . , A. A correspond-
ing expression involving the charge and magnetic form
factors applies to JEM

⌫ .
In the treatment of Ref. [5], the one-body contribu-

tion to the matrix element in Eq. (57) is decomposed
into two terms: (A) a contribution singling out the same
nucleon in JW

µ and JEM
⌫ ; (B) a contribution involving

distinct nucleons in these two operators. For purposes of
the following discussion, it is useful to identify these two
contributions using Eqs. (57 - 59):

T �W nuc

µ⌫ ⇠

X

k,`

hf |JW
µ (k)Gnuc J

EM

⌫ (`)|ii (60)

= TA
µ⌫ + TB

µ⌫

where

TA
µ⌫ =

X

k

hf |JW
µ (k)Gnuc J

EM

⌫ (k)|ii (61)

TB
µ⌫ =

X

k 6=`

hf |Wµ (k)Gnuc J
EM

⌫ (`)|ii (62)

Here, TA
µ⌫ and TB

µ⌫ correspond, respectively, to contri-
butions (A) and (B) mentioned above. The authors of
Ref. [5] refer to a part of contribution (A) as the nu-
clear Born term, while contribution (B) is included as a
separate part of �NS .
As first articulated in the earlier work of Ref. [44],

the nuclear Born term is evaluated by replacing the free
nucleon isovector axial form factor gA(Q2) and isoscalar
magnetic form factor GM (Q2) by “quenched” values.
This procedure is motivated by the observation that use
of the free nucleon form factors in the one-body cur-
rents over-predicts the strength of nuclear Gamow-Teller
transitions and nuclear magnetic moments [48, 49]. The
corresponding isoscalar magnetic moment and isovector

axial coupling quenching parameters, q(0)S and qA, re-
spectively, then describe the reduction of the spin-flip
interaction strengths in the nuclear environment, with

q(0)S , qA  1. In evaluating the nuclear Born contribution
to ⇤VA

�W , the authors of Ref. [5] then evaluate the contri-
bution (A) as described above but with these quenching
factors applied:

TA
µ⌫ !

X

k

hf |gJW
µ (k)Gnuc

gJEM
⌫ (k)|ii (63)

!

X

k

hf |gJW
µ (k)

h
SF ⌦GA00

nuc

i
gJEM
⌫ (k)|ii

where fJµ denotes a current operator containing the
quenching factor and where, in the last step, the nuclear
Green’s function has been replaced by the direct product
of the free nucleon propagator, SF , and the Green’s func-
tion for an intermediate “spectator nucleus”, A00. The
loop integral used in obtaining CB for the free nucleon,
which contains SF , is then evaluated without further ref-
erence to the spectator nucleus but with the quenched
form factors included. One then writes,

C free n

B ! C Nucl.
B = C free n

B + [q(0)S qA � 1]C free n

B , (64)

and includes the second term on the RHS of Eq. (64) in
�NS .
Note that this treatment relies on several assumptions:

(i) the impact of the nuclear environment is dominated
by the transitions to the low-lying states |ni; (ii) the
nucleon form factors entering the �W box graph for a
single nucleon should inherit the impact of this appar-
ent modification of the one-body currents in low-lying
nuclear transitions; (iii) the quenching observed for pure
Gamow-Teller and for magnetic moments and pure mag-
netic transitions translates directly into a mixed Gamow-
Teller ⌦ magnetic response via the product of the cor-

Need to know the full nuclear Green’s function 
indices k, l count the nucleon d.o.f. in a nucleus
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dence, raising concerns about additional as of yet un-
quantified theoretical uncertainty. We observe that such
uncertainty would have to be primarily of a systematic,
nucleus-independent nature so as not to spoil the present
agreement with the CVC property of the charged current
weak interaction. In this Section we argue that with the
use of dispersion relations one may evaluate both the
free nucleon term and the nuclear �W -box correction on
an equal footing. In doing so, we will show that the
previous treatment of the latter has, indeed, omitted an
important, universal nuclear correction.

Working with the nucleons as the relevant degrees of
freedom for describing the nuclear structure, the �W -
box calculation has two generic contributions: one arising
from the one-body current operator and a second involv-
ing two-body currents. For a given nuclear model, the
latter are required for consistency with the nuclear con-
tinuity equation (current conservation). Considering now
the one-body current contribution, we write the nuclear
�W Compton amplitude schematically as
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where the “+ · · · ” indicate contributions from the weak
magnetism and induced pseudoscalar terms and where
the sum is over all nucleons k = 1, . . . , A. A correspond-
ing expression involving the charge and magnetic form
factors applies to JEM
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In the treatment of Ref. [5], the one-body contribu-

tion to the matrix element in Eq. (57) is decomposed
into two terms: (A) a contribution singling out the same
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the following discussion, it is useful to identify these two
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Ref. [5] refer to a part of contribution (A) as the nu-
clear Born term, while contribution (B) is included as a
separate part of �NS .
As first articulated in the earlier work of Ref. [44],

the nuclear Born term is evaluated by replacing the free
nucleon isovector axial form factor gA(Q2) and isoscalar
magnetic form factor GM (Q2) by “quenched” values.
This procedure is motivated by the observation that use
of the free nucleon form factors in the one-body cur-
rents over-predicts the strength of nuclear Gamow-Teller
transitions and nuclear magnetic moments [48, 49]. The
corresponding isoscalar magnetic moment and isovector
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spectively, then describe the reduction of the spin-flip
interaction strengths in the nuclear environment, with
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where fJµ denotes a current operator containing the
quenching factor and where, in the last step, the nuclear
Green’s function has been replaced by the direct product
of the free nucleon propagator, SF , and the Green’s func-
tion for an intermediate “spectator nucleus”, A00. The
loop integral used in obtaining CB for the free nucleon,
which contains SF , is then evaluated without further ref-
erence to the spectator nucleus but with the quenched
form factors included. One then writes,

C free n

B ! C Nucl.
B = C free n

B + [q(0)S qA � 1]C free n

B , (64)

and includes the second term on the RHS of Eq. (64) in
�NS .
Note that this treatment relies on several assumptions:

(i) the impact of the nuclear environment is dominated
by the transitions to the low-lying states |ni; (ii) the
nucleon form factors entering the �W box graph for a
single nucleon should inherit the impact of this appar-
ent modification of the one-body currents in low-lying
nuclear transitions; (iii) the quenching observed for pure
Gamow-Teller and for magnetic moments and pure mag-
netic transitions translates directly into a mixed Gamow-
Teller ⌦ magnetic response via the product of the cor-

Two cases: (A) same active nucleon 
(B) two nucleons correlated by G

Case (A): on-shell neutron propagating between interaction vertices 
Case (B): all two-nucleon contributions (QE 2p2h and nuclear excitations)

Insert on-shell intermediate states: TA
μν → ∑

k

⟨ f |JW
μ (k)[SN

F ⊗ GA′�′�
nuc]JEM

ν (k) | i⟩

The elastic nucleon box 
is replaced by a single N QE knockout
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Correspondingly, the calculation of the �W -box cor-
rection in the nuclear case will need to be modified. The
standard approach to organizing the radiative corrections
to nuclear beta decay advocated in Refs. [3, 4, 30] is sum-
marized in Eq. 1 which we repeat here,

|Vud|
2 =

2984.43s

Ft(1 +�V
R)

, (51)

with Ft = ft(1 + �0R)(1 + �NS � �C). Apart from �0R,
all other terms are inner corrections that are indepen-
dent of the electron energy. The identification of various
terms follows a clear logics: �V

R is the universal part
that stems from the �W -box on a free nucleon, while all
of the nuclear structure dependence is retained in �NS

and �C . This procedure corresponds to extracting the
free nucleon correction from the nuclear one,
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i
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the first term is then absorbed in �V
R , while the second

term makes part of �NS��C . No approximation has been
made at this step since it is an identical rewriting of the
nuclear �W -box. However, technically this manipulation
does matter because the two terms are treated very dif-
ferently. The nucleon term is treated via loop integration
techniques with some phenomenological input [3] or via
dispersion relations as in this work. The second term
is at present calculated in nonrelativistic nuclear models
[4]. As a consequence, all nuclear e↵ects are assumed
to reside in the low-energy part of the spectrum of the

nuclear F (0)
3, �W since nuclear shadowing e↵ects [31] can-

not be addressed in nonrelativistic nuclear models. This
means that, apart from purely nuclear e↵ects that involve
a mismatch of proton and neutron distributions inside the
parent and the daughter nucleus (�C), or a coupling of
� and W to two di↵erent nucleons in the nucleus (�NS),
the only term that requires a modification is the Born
contribution. This modification, coined as quenching of
the Born contribution, was first introduced and calcu-
lated in Ref. [30], and has been included in the nuclear
structure term �NS ever since, with very modest changes.
Recalling that ⇤VA

�W = ↵
2⇡ [CB + . . . ], ellipses denoting all

contributions other than Born, one writes

C free n
B ! C Nucl.

B = C free n
B + [q(0)S qA � 1]C free n

B . (53)

The isoscalar magnetic and isovector axial couplings

quenching parameters q(0)S and qA, respectively, describe
the reduction of the spin-flip interaction strengths in the

nuclear environment, with q(0)S , qA  1. Ref. [30]’s ap-
proach to determining the quenching parameters relies
on using nuclear shell model calculations of quenching
of the nucleon’s magnetic moment and axial charge in
magnetic and Gamow-Teller transitions between two nu-
clear states, then assuming that these couplings simply
rescale the free nucleon Born contribution to �W -box
which entails assuming that the Q2-dependence inside

the nucleon and nuclear box is the same. With these as-
sumptions and using CB = 0.89, Refs. [30, 32] obtain
the quenched Born contribution for nuclei of interest to
monotonically decrease from �0.189 for 10C to �0.306
for 74Rb. These results have propagated in all further
evaluations of �NS . Refs. [30, 32] assigned a generic
10% uncertainty to this contribution. We note here that
both assumptions in the approach of Ref. [30] are not
well-justified: the quasielastic contribution to �W -box
requires a quasi-free active nucleon between the � and
W couplings instead of a bound nucleon inside an excited
nuclear state, compare Fig. 9b) and a), respectively; The
Q2-dependence under the integral in the nuclear box is
likely to di↵er very strongly from that on a free nucleon.

FIG. 9: Diagrammatic representation of the quenching mech-
anism of the Born contribution in the approach of Refs.
[30, 32] , diagram a) with the parent (daughter) nucleus A

(A0), and an excited nuclear state Ã accessed via a Gamow-
Teller transition from the parent and via a magnetic transition
from the daughter. Panel b) shows the quasielastic picture
with a single-nucleon knockout.

In this section we propose an alternative method to
calculate the nuclear corrections, based on the dispersion
formalism. We start from the dispersion representation
of the �W -box correction in Eq. (23) with the nuclear

structure function F (0), Nucl.
3, �W , defined per active nucleon,

⇤V A, Nucl.
�W =

↵

N⇡M
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with N the number of neutrons (protons) in the �� (�+)
decay process, respectively. Here we will neglect discrete
excited nuclear states and nuclear e↵ects at high ener-
gies (these will be addressed in an upcoming work), and
concentrate on the quasielastic part of the spectrum be-
low pion production threshold, see Fig. 8. Then, we
can estimate the part of nuclear e↵ects encoded in the
quasielastic contribution similar to quenching of the Born
contribution discussed above,

C Nucl.
B = C free n

B + [CQE � C free n
B ]. (55)

Instead of defining the quenching via a simple rescaling of
the Born we will directly calculate CQE from a dispersion
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Correspondingly, the calculation of the �W -box cor-
rection in the nuclear case will need to be modified. The
standard approach to organizing the radiative corrections
to nuclear beta decay advocated in Refs. [3, 4, 30] is sum-
marized in Eq. 1 which we repeat here,

|Vud|
2 =

2984.43s

Ft(1 +�V
R)

, (51)

with Ft = ft(1 + �0R)(1 + �NS � �C). Apart from �0R,
all other terms are inner corrections that are indepen-
dent of the electron energy. The identification of various
terms follows a clear logics: �V

R is the universal part
that stems from the �W -box on a free nucleon, while all
of the nuclear structure dependence is retained in �NS

and �C . This procedure corresponds to extracting the
free nucleon correction from the nuclear one,

⇤VA, Nucl.
�W = ⇤VA, free n

�W +
h
⇤VA, Nucl.

�W �⇤VA, free n
�W

i
,(52)

the first term is then absorbed in �V
R , while the second

term makes part of �NS��C . No approximation has been
made at this step since it is an identical rewriting of the
nuclear �W -box. However, technically this manipulation
does matter because the two terms are treated very dif-
ferently. The nucleon term is treated via loop integration
techniques with some phenomenological input [3] or via
dispersion relations as in this work. The second term
is at present calculated in nonrelativistic nuclear models
[4]. As a consequence, all nuclear e↵ects are assumed
to reside in the low-energy part of the spectrum of the

nuclear F (0)
3, �W since nuclear shadowing e↵ects [31] can-

not be addressed in nonrelativistic nuclear models. This
means that, apart from purely nuclear e↵ects that involve
a mismatch of proton and neutron distributions inside the
parent and the daughter nucleus (�C), or a coupling of
� and W to two di↵erent nucleons in the nucleus (�NS),
the only term that requires a modification is the Born
contribution. This modification, coined as quenching of
the Born contribution, was first introduced and calcu-
lated in Ref. [30], and has been included in the nuclear
structure term �NS ever since, with very modest changes.
Recalling that ⇤VA

�W = ↵
2⇡ [CB + . . . ], ellipses denoting all

contributions other than Born, one writes

C free n
B ! C Nucl.

B = C free n
B + [q(0)S qA � 1]C free n

B . (53)

The isoscalar magnetic and isovector axial couplings

quenching parameters q(0)S and qA, respectively, describe
the reduction of the spin-flip interaction strengths in the

nuclear environment, with q(0)S , qA  1. Ref. [30]’s ap-
proach to determining the quenching parameters relies
on using nuclear shell model calculations of quenching
of the nucleon’s magnetic moment and axial charge in
magnetic and Gamow-Teller transitions between two nu-
clear states, then assuming that these couplings simply
rescale the free nucleon Born contribution to �W -box
which entails assuming that the Q2-dependence inside

the nucleon and nuclear box is the same. With these as-
sumptions and using CB = 0.89, Refs. [30, 32] obtain
the quenched Born contribution for nuclei of interest to
monotonically decrease from �0.189 for 10C to �0.306
for 74Rb. These results have propagated in all further
evaluations of �NS . Refs. [30, 32] assigned a generic
10% uncertainty to this contribution. We note here that
both assumptions in the approach of Ref. [30] are not
well-justified: the quasielastic contribution to �W -box
requires a quasi-free active nucleon between the � and
W couplings instead of a bound nucleon inside an excited
nuclear state, compare Fig. 9b) and a), respectively; The
Q2-dependence under the integral in the nuclear box is
likely to di↵er very strongly from that on a free nucleon.

FIG. 9: Diagrammatic representation of the quenching mech-
anism of the Born contribution in the approach of Refs.
[30, 32] , diagram a) with the parent (daughter) nucleus A

(A0), and an excited nuclear state Ã accessed via a Gamow-
Teller transition from the parent and via a magnetic transition
from the daughter. Panel b) shows the quasielastic picture
with a single-nucleon knockout.

In this section we propose an alternative method to
calculate the nuclear corrections, based on the dispersion
formalism. We start from the dispersion representation
of the �W -box correction in Eq. (23) with the nuclear

structure function F (0), Nucl.
3, �W , defined per active nucleon,

⇤V A, Nucl.
�W =
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1Z

0

dQ2M2
W

M2
W +Q2

1Z

0

d⌫
(⌫ + 2q)

⌫(⌫ + q)2

⇥F (0), Nucl.
3, �W (⌫, Q2), (54)

with N the number of neutrons (protons) in the �� (�+)
decay process, respectively. Here we will neglect discrete
excited nuclear states and nuclear e↵ects at high ener-
gies (these will be addressed in an upcoming work), and
concentrate on the quasielastic part of the spectrum be-
low pion production threshold, see Fig. 8. Then, we
can estimate the part of nuclear e↵ects encoded in the
quasielastic contribution similar to quenching of the Born
contribution discussed above,

C Nucl.
B = C free n

B + [CQE � C free n
B ]. (55)

Instead of defining the quenching via a simple rescaling of
the Born we will directly calculate CQE from a dispersion

Idea: calculate Gamow-Teller and magnetic nuclear transitions in the shell model; 
Insert the single nucleon spin operators —> predict the strength of nuclear transitions 
“Quenching of spin operators in nuclei”: shell model overestimates those strengths! 
Each vertex is suppressed by 10-15%

But from dispersion relation perspective it corresponds  
to a contribution of an excited nuclear state,  
not to the modified box on a free nucleon! 
The correct estimate should base on quasielastic knockout 
with an on-shell N + spectator in the intermediate state

Numerically: on average between the 14 superallowed decays
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Correspondingly, the calculation of the �W -box cor-
rection in the nuclear case will need to be modified. The
standard approach to organizing the radiative corrections
to nuclear beta decay advocated in Refs. [3, 4, 30] is sum-
marized in Eq. 1 which we repeat here,

|Vud|
2 =

2984.43s

Ft(1 +�V
R)

, (51)

with Ft = ft(1 + �0R)(1 + �NS � �C). Apart from �0R,
all other terms are inner corrections that are indepen-
dent of the electron energy. The identification of various
terms follows a clear logics: �V

R is the universal part
that stems from the �W -box on a free nucleon, while all
of the nuclear structure dependence is retained in �NS

and �C . This procedure corresponds to extracting the
free nucleon correction from the nuclear one,

⇤VA, Nucl.
�W = ⇤VA, free n

�W +
h
⇤VA, Nucl.

�W �⇤VA, free n
�W

i
,(52)

the first term is then absorbed in �V
R , while the second

term makes part of �NS��C . No approximation has been
made at this step since it is an identical rewriting of the
nuclear �W -box. However, technically this manipulation
does matter because the two terms are treated very dif-
ferently. The nucleon term is treated via loop integration
techniques with some phenomenological input [3] or via
dispersion relations as in this work. The second term
is at present calculated in nonrelativistic nuclear models
[4]. As a consequence, all nuclear e↵ects are assumed
to reside in the low-energy part of the spectrum of the

nuclear F (0)
3, �W since nuclear shadowing e↵ects [31] can-

not be addressed in nonrelativistic nuclear models. This
means that, apart from purely nuclear e↵ects that involve
a mismatch of proton and neutron distributions inside the
parent and the daughter nucleus (�C), or a coupling of
� and W to two di↵erent nucleons in the nucleus (�NS),
the only term that requires a modification is the Born
contribution. This modification, coined as quenching of
the Born contribution, was first introduced and calcu-
lated in Ref. [30], and has been included in the nuclear
structure term �NS ever since, with very modest changes.
Recalling that ⇤VA

�W = ↵
2⇡ [CB + . . . ], ellipses denoting all

contributions other than Born, one writes

C free n
B ! C Nucl.

B = C free n
B + [q(0)S qA � 1]C free n

B . (53)

The isoscalar magnetic and isovector axial couplings

quenching parameters q(0)S and qA, respectively, describe
the reduction of the spin-flip interaction strengths in the

nuclear environment, with q(0)S , qA  1. Ref. [30]’s ap-
proach to determining the quenching parameters relies
on using nuclear shell model calculations of quenching
of the nucleon’s magnetic moment and axial charge in
magnetic and Gamow-Teller transitions between two nu-
clear states, then assuming that these couplings simply
rescale the free nucleon Born contribution to �W -box
which entails assuming that the Q2-dependence inside

the nucleon and nuclear box is the same. With these as-
sumptions and using CB = 0.89, Refs. [30, 32] obtain
the quenched Born contribution for nuclei of interest to
monotonically decrease from �0.189 for 10C to �0.306
for 74Rb. These results have propagated in all further
evaluations of �NS . Refs. [30, 32] assigned a generic
10% uncertainty to this contribution. We note here that
both assumptions in the approach of Ref. [30] are not
well-justified: the quasielastic contribution to �W -box
requires a quasi-free active nucleon between the � and
W couplings instead of a bound nucleon inside an excited
nuclear state, compare Fig. 9b) and a), respectively; The
Q2-dependence under the integral in the nuclear box is
likely to di↵er very strongly from that on a free nucleon.

FIG. 9: Diagrammatic representation of the quenching mech-
anism of the Born contribution in the approach of Refs.
[30, 32] , diagram a) with the parent (daughter) nucleus A

(A0), and an excited nuclear state Ã accessed via a Gamow-
Teller transition from the parent and via a magnetic transition
from the daughter. Panel b) shows the quasielastic picture
with a single-nucleon knockout.

In this section we propose an alternative method to
calculate the nuclear corrections, based on the dispersion
formalism. We start from the dispersion representation
of the �W -box correction in Eq. (23) with the nuclear

structure function F (0), Nucl.
3, �W , defined per active nucleon,

⇤V A, Nucl.
�W =

↵

N⇡M

1Z

0

dQ2M2
W

M2
W +Q2

1Z

0

d⌫
(⌫ + 2q)

⌫(⌫ + q)2

⇥F (0), Nucl.
3, �W (⌫, Q2), (54)

with N the number of neutrons (protons) in the �� (�+)
decay process, respectively. Here we will neglect discrete
excited nuclear states and nuclear e↵ects at high ener-
gies (these will be addressed in an upcoming work), and
concentrate on the quasielastic part of the spectrum be-
low pion production threshold, see Fig. 8. Then, we
can estimate the part of nuclear e↵ects encoded in the
quasielastic contribution similar to quenching of the Born
contribution discussed above,

C Nucl.
B = C free n

B + [CQE � C free n
B ]. (55)

Instead of defining the quenching via a simple rescaling of
the Born we will directly calculate CQE from a dispersion

δquenched Born
NS = [q(0)

S qA − 1]2 □free n, Born
γW ≈ − 0.058(14) %

universal

nuclear δNS

□Nucl
γW − □free n

γW = [q(0)
S qA − 1] □free n

γW



Modification of CB in a nucleus - QE

!18

𝜈 = Q2/2M 𝜈 ≥ Q2/2M + ϵ

kF

Reduction for QE:  
finite threshold ϵ (binding energy) + Fermi momentum kFF (0), B

3 = �Q2

4
GAG

S
M�(2M⌫ �Q2)

Integral is peaked at low 𝜈, Q2

12

Correspondingly, the calculation of the �W -box cor-
rection in the nuclear case will need to be modified. The
standard approach to organizing the radiative corrections
to nuclear beta decay advocated in Refs. [3, 4, 30] is sum-
marized in Eq. 1 which we repeat here,

|Vud|
2 =

2984.43s

Ft(1 +�V
R)

, (51)

with Ft = ft(1 + �0R)(1 + �NS � �C). Apart from �0R,
all other terms are inner corrections that are indepen-
dent of the electron energy. The identification of various
terms follows a clear logics: �V

R is the universal part
that stems from the �W -box on a free nucleon, while all
of the nuclear structure dependence is retained in �NS

and �C . This procedure corresponds to extracting the
free nucleon correction from the nuclear one,

⇤VA, Nucl.
�W = ⇤VA, free n

�W +
h
⇤VA, Nucl.

�W �⇤VA, free n
�W

i
,(52)

the first term is then absorbed in �V
R , while the second

term makes part of �NS��C . No approximation has been
made at this step since it is an identical rewriting of the
nuclear �W -box. However, technically this manipulation
does matter because the two terms are treated very dif-
ferently. The nucleon term is treated via loop integration
techniques with some phenomenological input [3] or via
dispersion relations as in this work. The second term
is at present calculated in nonrelativistic nuclear models
[4]. As a consequence, all nuclear e↵ects are assumed
to reside in the low-energy part of the spectrum of the

nuclear F (0)
3, �W since nuclear shadowing e↵ects [31] can-

not be addressed in nonrelativistic nuclear models. This
means that, apart from purely nuclear e↵ects that involve
a mismatch of proton and neutron distributions inside the
parent and the daughter nucleus (�C), or a coupling of
� and W to two di↵erent nucleons in the nucleus (�NS),
the only term that requires a modification is the Born
contribution. This modification, coined as quenching of
the Born contribution, was first introduced and calcu-
lated in Ref. [30], and has been included in the nuclear
structure term �NS ever since, with very modest changes.
Recalling that ⇤VA

�W = ↵
2⇡ [CB + . . . ], ellipses denoting all

contributions other than Born, one writes

C free n
B ! C Nucl.

B = C free n
B + [q(0)S qA � 1]C free n

B . (53)

The isoscalar magnetic and isovector axial couplings

quenching parameters q(0)S and qA, respectively, describe
the reduction of the spin-flip interaction strengths in the

nuclear environment, with q(0)S , qA  1. Ref. [30]’s ap-
proach to determining the quenching parameters relies
on using nuclear shell model calculations of quenching
of the nucleon’s magnetic moment and axial charge in
magnetic and Gamow-Teller transitions between two nu-
clear states, then assuming that these couplings simply
rescale the free nucleon Born contribution to �W -box
which entails assuming that the Q2-dependence inside

the nucleon and nuclear box is the same. With these as-
sumptions and using CB = 0.89, Refs. [30, 32] obtain
the quenched Born contribution for nuclei of interest to
monotonically decrease from �0.189 for 10C to �0.306
for 74Rb. These results have propagated in all further
evaluations of �NS . Refs. [30, 32] assigned a generic
10% uncertainty to this contribution. We note here that
both assumptions in the approach of Ref. [30] are not
well-justified: the quasielastic contribution to �W -box
requires a quasi-free active nucleon between the � and
W couplings instead of a bound nucleon inside an excited
nuclear state, compare Fig. 9b) and a), respectively; The
Q2-dependence under the integral in the nuclear box is
likely to di↵er very strongly from that on a free nucleon.

FIG. 9: Diagrammatic representation of the quenching mech-
anism of the Born contribution in the approach of Refs.
[30, 32] , diagram a) with the parent (daughter) nucleus A

(A0), and an excited nuclear state Ã accessed via a Gamow-
Teller transition from the parent and via a magnetic transition
from the daughter. Panel b) shows the quasielastic picture
with a single-nucleon knockout.

In this section we propose an alternative method to
calculate the nuclear corrections, based on the dispersion
formalism. We start from the dispersion representation
of the �W -box correction in Eq. (23) with the nuclear

structure function F (0), Nucl.
3, �W , defined per active nucleon,

⇤V A, Nucl.
�W =

↵

N⇡M
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0
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(⌫ + 2q)
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with N the number of neutrons (protons) in the �� (�+)
decay process, respectively. Here we will neglect discrete
excited nuclear states and nuclear e↵ects at high ener-
gies (these will be addressed in an upcoming work), and
concentrate on the quasielastic part of the spectrum be-
low pion production threshold, see Fig. 8. Then, we
can estimate the part of nuclear e↵ects encoded in the
quasielastic contribution similar to quenching of the Born
contribution discussed above,

C Nucl.
B = C free n

B + [CQE � C free n
B ]. (55)

Instead of defining the quenching via a simple rescaling of
the Born we will directly calculate CQE from a dispersion
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Correspondingly, the calculation of the �W -box cor-
rection in the nuclear case will need to be modified. The
standard approach to organizing the radiative corrections
to nuclear beta decay advocated in Refs. [3, 4, 30] is sum-
marized in Eq. 1 which we repeat here,

|Vud|
2 =

2984.43s

Ft(1 +�V
R)

, (51)

with Ft = ft(1 + �0R)(1 + �NS � �C). Apart from �0R,
all other terms are inner corrections that are indepen-
dent of the electron energy. The identification of various
terms follows a clear logics: �V

R is the universal part
that stems from the �W -box on a free nucleon, while all
of the nuclear structure dependence is retained in �NS

and �C . This procedure corresponds to extracting the
free nucleon correction from the nuclear one,

⇤VA, Nucl.
�W = ⇤VA, free n

�W +
h
⇤VA, Nucl.

�W �⇤VA, free n
�W

i
,(52)

the first term is then absorbed in �V
R , while the second

term makes part of �NS��C . No approximation has been
made at this step since it is an identical rewriting of the
nuclear �W -box. However, technically this manipulation
does matter because the two terms are treated very dif-
ferently. The nucleon term is treated via loop integration
techniques with some phenomenological input [3] or via
dispersion relations as in this work. The second term
is at present calculated in nonrelativistic nuclear models
[4]. As a consequence, all nuclear e↵ects are assumed
to reside in the low-energy part of the spectrum of the

nuclear F (0)
3, �W since nuclear shadowing e↵ects [31] can-

not be addressed in nonrelativistic nuclear models. This
means that, apart from purely nuclear e↵ects that involve
a mismatch of proton and neutron distributions inside the
parent and the daughter nucleus (�C), or a coupling of
� and W to two di↵erent nucleons in the nucleus (�NS),
the only term that requires a modification is the Born
contribution. This modification, coined as quenching of
the Born contribution, was first introduced and calcu-
lated in Ref. [30], and has been included in the nuclear
structure term �NS ever since, with very modest changes.
Recalling that ⇤VA

�W = ↵
2⇡ [CB + . . . ], ellipses denoting all

contributions other than Born, one writes

C free n
B ! C Nucl.

B = C free n
B + [q(0)S qA � 1]C free n

B . (53)

The isoscalar magnetic and isovector axial couplings

quenching parameters q(0)S and qA, respectively, describe
the reduction of the spin-flip interaction strengths in the

nuclear environment, with q(0)S , qA  1. Ref. [30]’s ap-
proach to determining the quenching parameters relies
on using nuclear shell model calculations of quenching
of the nucleon’s magnetic moment and axial charge in
magnetic and Gamow-Teller transitions between two nu-
clear states, then assuming that these couplings simply
rescale the free nucleon Born contribution to �W -box
which entails assuming that the Q2-dependence inside

the nucleon and nuclear box is the same. With these as-
sumptions and using CB = 0.89, Refs. [30, 32] obtain
the quenched Born contribution for nuclei of interest to
monotonically decrease from �0.189 for 10C to �0.306
for 74Rb. These results have propagated in all further
evaluations of �NS . Refs. [30, 32] assigned a generic
10% uncertainty to this contribution. We note here that
both assumptions in the approach of Ref. [30] are not
well-justified: the quasielastic contribution to �W -box
requires a quasi-free active nucleon between the � and
W couplings instead of a bound nucleon inside an excited
nuclear state, compare Fig. 9b) and a), respectively; The
Q2-dependence under the integral in the nuclear box is
likely to di↵er very strongly from that on a free nucleon.

FIG. 9: Diagrammatic representation of the quenching mech-
anism of the Born contribution in the approach of Refs.
[30, 32] , diagram a) with the parent (daughter) nucleus A

(A0), and an excited nuclear state Ã accessed via a Gamow-
Teller transition from the parent and via a magnetic transition
from the daughter. Panel b) shows the quasielastic picture
with a single-nucleon knockout.

In this section we propose an alternative method to
calculate the nuclear corrections, based on the dispersion
formalism. We start from the dispersion representation
of the �W -box correction in Eq. (23) with the nuclear

structure function F (0), Nucl.
3, �W , defined per active nucleon,

⇤V A, Nucl.
�W =
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with N the number of neutrons (protons) in the �� (�+)
decay process, respectively. Here we will neglect discrete
excited nuclear states and nuclear e↵ects at high ener-
gies (these will be addressed in an upcoming work), and
concentrate on the quasielastic part of the spectrum be-
low pion production threshold, see Fig. 8. Then, we
can estimate the part of nuclear e↵ects encoded in the
quasielastic contribution similar to quenching of the Born
contribution discussed above,

C Nucl.
B = C free n

B + [CQE � C free n
B ]. (55)

Instead of defining the quenching via a simple rescaling of
the Born we will directly calculate CQE from a dispersion

Born on free n:

QE calculation in free Fermi gas model with Pauli blocking  
assign a generous 30% model uncertainty

New δQENS ~ - 0.11(3)% instead of the previous estimate δqNS ~-0.058(14)%

C-Y Seng, MG, M J Ramsey-Musolf, arXiv: 1812.03352



3.Splitting of the RC into inner and outer
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MG, arXiv: 1812.04229



Splitting the RC into “inner” and “outer”
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Radiative corrections ~ α/𝜋 ~ 10-3 Precision goal: ~ 10-4

When does energy dependence matter?  
Correction ~ Ee/Λ, with Λ ~ relevant mass (me; Mp; MA) 
Maximal Ee ranges from 1 MeV to 10.5 MeV 

Electron mass regularizes the IR divergent parts - (Ee/me important) - “outer” correction 

If Λ of hadronic origin (at least m𝜋) —> Ee/Λ small, correction ~ 10-5 —> negligible 
- certainly true for the neutron decay 
- hadronic contributions do not distort the spectrum, may only shift it as a whole 

However, in nuclei binding energies ~ few MeV — similar to Q-values 

A scenario is possible when RC ~ (α/𝜋)x(Ee/ΛNucl) ~ 10-3 

Nuclear structure may distort the electron spectrum  

With dispersion relations can be checked straightforwardly!
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Nuclear structure distorts the β-spectrum!
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where Emin = (⌫ +
p
⌫2 +Q2)/2, ⌫thr = ✏ + Q2/(2M)

and in terms of the invariants ⌫ = (W 2
�M2+Q2)/2M ,

W being the invairant mass of the excited nuclear
intermediate state. The E-even piece has recently been
addressed in [7, 8]. In the remaining part of the article I
concentrate on the E-odd part. To estimate the size of
the coe�cient in front of E in Re⇤odd

�W , I will use two
methods: dimension analysis with the nuclear dipole
polarizability and charge radius, and a more microscopic
Fermi gas calculation.

Dimensional analysis with the photonulcear sum rule
The photonuclear sum rule expresses the dipole elec-
tric polarizability ↵E as an integral over electromagnetic
structure functions F1,2

↵E =
2↵

M

1Z

✏

d⌫

⌫3
F1(⌫, 0) = 2↵

1Z

✏

d⌫

⌫2
@

@Q2
F2(⌫, 0). (11)

The equality between the representations with F1 and
the Q2-slope of F2 is a reflection of gauge invariance. The
electromagnetic structure functions should be similar to
their vector charged current - electromagnetic current in-
terference counterpart. I next assume the very low Q2

under the integral to dominate (hence Emin ! ⌫), and
the Q2 dependence of the dipole polarizability to follow
that of the charge form factor ⇠ e�R2

ChQ
2/6. Hence, dis-

carding the contribution of F3 for which no information
in terms of nuclear polarizability is available, I obtain for
the �+ case

Re⇤odd
�W ⇠

4↵E

⇡NR2
Ch

E, (12)

The observed approximate scaling of the nuclear radii
with the atomic number RCh ⇠ R0A1/3 with R0 ⇡ 1.2
fm [10], and that of the nuclear electric dipole response
↵E ⇠ (2.2⇥ 10�3)A5/3 fm3 [11], leads to the estimate

Re⇤odd
�W ⇠ 5⇥ 10�5

✓
E

5MeV

◆✓
A

N

◆
. (13)

This correction leads to an E-dependent correction to the
di↵erential decay rate, which is roughly independent of
the nucleus since A/N ⇡ 2 for all nuclei relevant for the
superallowed decays,

�R(E) = 2Re⇤odd
�W (E) = 2⇥ 10�4

✓
E

5MeV

◆
, (14)

The scale 5 MeV represents an average Q-value across
the 14 superallowed decays used for the Vud extraction.

Estimate in the free Fermi gas model
In a microscopic picture, a large part of the nuclear po-
larizability can be explained by the quasielastic mecha-
nism. The (generalized) Compton reaction on a nucleus

proceeds via the knockout of a single active nucleon by
the initial electroweak probe, leaving the remaining part
of the nucleus una↵ected, and the reabsorption of the nu-
cleon back into the nucleus accompanied by the emission
of the final photon, see Fig. 1. The finite gap between

FIG. 1: Quasielastic contribution to the �W -box correction
on a nucleus.

the bound state and the continuum, the removal energy,
is one relevant parameter that governs the size of the nu-
clear polarizability. The other parameter is the Fermi
momentum kF , the typical momentum of a nucleon in-
side the nucleus, which defines the initial kinematics from
which the knockout process results. In the case of a de-
cay process, the initial and final states are not identical
due to the n ! p conversion for the �� process, and
p ! n for �+ process. Apart from the change of the
nucleon specie and thus the change of the charge of the
nucleus in the initial (parent) and final (daughter) state,
the mass of the daughter is slightly smaller, which is a
prerequisite of the decay to take place. For the quasielas-
tic process W± + A ! n(p) + A00

! � + A0, with A00 a
spectator nuclear state, there are two distinct removal
energies at the first and the second stage of the reaction.
Specifically for the �+ process, ✏1 = MA00 + Mn � MA

and ✏2 = MA00 +Mn �MA0 obeying ✏2 > ✏1. In the re-
cent work [8] it was proposed to use an e↵ective removal
energy defined as ✏̄ =

p
✏1✏2. For the 20 superallowed

�+ decays listed in [3] the e↵ective removal energies fall
within a narrow range, ✏̄ = 7.5± 1.5 MeV [8]. In the free
Fermi gas (FFG) model the structure functions entering
Re⇤�W has a generic form

1

N
Fi(⌫, Q

2) = fB
i (Q2)S(⌫, Q2, ✏̄, kF ), (15)

with the spectral function

S = FP(|~q|, kF )

Z
d3~k |�(k)|2�((k + q)2 �M2). (16)

Above, k is the 4-momentum of the active nucleon, �(k)
the momentum distribution in the FFG model, |�(k)|2 =

3/(4⇡k3F )✓(kF �k) normalized as
R
d3~k|�(k)|2 = 1. Pauli

blocking is described by the Pauli function

FP(|~q |, kF ) =
3|~q |

4kF
[1� ~q 2/(12k2F )] for |~q|  2kF , (17)

and FP = 1 otherwise, and |~q | =
p

⌫2 +Q2 stands for
the 3-momentum of the virtual photon (W± boson). The

Photonuclear sum rule:

Supplement with the nuclear form factor: αE(Q2) ∼ αE(0) × e−R2
ChQ2/6

Radius and polarizability scale with A: RCh ∼ 1.2 fm A1/3, αE ∼ 2.25 × 10−3 fm3 A5/3

δNS(E) = 2 × 10−5 ( E
MeV ) A

NDimensional analysis estimate:

Estimate in Fermi gas model (same as for E-independent)

δNS(E) = (2.8 ± 0.4 ± 0.8) × 10−4 ( E
MeV )

Uncertainty: spread in ϵ and kF, plus 30% on model
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Correction to Ft values: integrate over spectrum (only total rate measured)

Use the two estimates as upper and lower bound of the effect

δNS(E) = (1.6 ± 1.6) × 10−4 ( E
MeV )

Spectrum distortion due to nuclear polarizabilities ~ 0.016 % per MeV 

Roughly independent of the nucleus; 

The total rate will depend on nucleus: different Q-values!

Nuclear structure and E-dependent RC

δE
NS =

∫ Q
me

dEEp(Q − E)2δNS(E)

∫ Q
me

dEEp(Q − E)2
δE

NS ≈ (8 ± 8) × 10−5 Q
MeV

ℱ̃t = ft(1 + δ′�R)(1 − δC + δNS + δE
NS)

Average Q ~ 6 MeV —> expect an effect ⟨δE
NS⟩ ≈ (1.5 ± 1.5) × 10−4



4.Putting numbers together
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We analyze the universal radiative correction �V
R to neutron and superallowed nuclear � decay

by expressing the hadronic �W -box contribution in terms of a dispersion relation, which we identify
as an integral over the first Nachtmann moment of the �W interference structure function F (0)

3 . By
connecting the needed input to existing data on neutrino and antineutrino scattering, we obtain
an updated value of �V

R = 0.02467(22), wherein the hadronic uncertainty is reduced. Assuming
other Standard Model theoretical calculations and experimental measurements remain unchanged,
we obtain an updated value of |Vud| = 0.97366(15), raising tension with the first row CKM unitarity
constraint. We comment on ways current and future experiments can provide input to our dispersive
analysis.

The unitarity test of the Cabibbo-Kobayashi-Maskawa
(CKM) matrix serves as one of the most important pre-
cision tests of the Standard Model. In particular, tests of
first-row CKM unitarity |Vud|

2 + |Vus|
2 + |Vub|

2 = 1 re-
ceive the most attention since these matrix elements are
known with highest precision, all with comparable uncer-
tainties. The good agreement with unitarity [1] serves as
a powerful tool to constrain New Physics scenarios.

Currently, the most precise determination of |Vud|

comes from measurements of half-lives of superallowed
0+ ! 0+ nuclear � decays with a precision of 10�4 [2]. At
tree-level, these decays are mediated by the vector part of
the weak charged current only, which is protected against
renormalization by strong interactions due to conserved
vector current (CVC), making the extraction of |Vud| rel-
atively clean. Beyond tree-level, however, electroweak ra-
diative corrections (EWRC) involving the axial current
are not protected, and lead to a hadronic uncertainty
that dominates the error in the determination of |Vud|.

The master formula relating the CKM matrix element
|Vud| to the superallowed nuclear � decay half-life is [2]:

|Vud|
2 =

2984.432(3) s

Ft(1 +�V
R)

, (1)

where the nucleus-independent Ft-value is obtained from
the experimentally measured ft-value by absorbing all
nuclear-dependent corrections, and where �V

R represents
the nucleus-independent EWRC. Currently, an average
of the 14 best measured half-lives yields an extraordinar-
ily precise value of Ft = 3072.27(72) s. A similar mas-
ter formula exists for free neutron � decay [3] depend-
ing additionally on the axial-to-vector nucleon coupling
ratio � = gA/gV , and is free of nuclear-structure uncer-
tainties. But the much larger experimental errors in the
measurement of its lifetime and the ratio � [4] makes it

less competitive in the extraction of |Vud|. Regardless, if
first-row CKM unitarity is to be tested at a higher level
of precision, improvement in the theoretical estimate of
�V

R by reducing hadronic uncertainties is essential.
The best determination of �V

R = 0.02361(38) was ob-
tained in 2006 by Marciano and Sirlin [5] (in the fol-
lowing, we refer to their work as [MS]). They were able
to reduce the hadronic uncertainty by a factor of 2 over
their earlier calculation [6] by using high order pertur-
bative QCD corrections originally derived for the polar-
ized Bjorken sum rule to precisely estimate the short dis-
tance contribution. At intermediate distances, an inter-
polating function motivated by vector meson dominance
(VMD) was used to connect the long and short distances
and was identified as the dominant source of theoreti-
cal uncertainty. This result leads to the current value of
|Vud| = 0.97420(21) [1].
In this Letter, we introduce a new approach for eval-

uating �V
R based on dispersion relations which relate

it to directly measurable inclusive lepton-hadron and
neutrino-hadron structure functions. Dispersion rela-
tions have proved crucial for evaluating the �Z-box cor-
rection to parity violating electron-hadron interaction in
atoms and in scattering processes [7–19]. It led to a sig-
nificant shift in the 1-loop SM prediction for the hadronic
weak charges, and ensured a correct extraction of the
weak mixing angle at low energy [20]. Using existing
data on neutrino and anti-neutrino scattering, we obtain
a more precise value of the nucleus-independent EWRC,

�V
R = 0.02467(22) , (2)

and therefore a new determination of |Vud|,

|Vud| = 0.97366(15). (3)
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We analyze the universal radiative correction �V
R to neutron and superallowed nuclear � decay

by expressing the hadronic �W -box contribution in terms of a dispersion relation, which we identify
as an integral over the first Nachtmann moment of the �W interference structure function F (0)

3 . By
connecting the needed input to existing data on neutrino and antineutrino scattering, we obtain
an updated value of �V

R = 0.02467(22), wherein the hadronic uncertainty is reduced. Assuming
other Standard Model theoretical calculations and experimental measurements remain unchanged,
we obtain an updated value of |Vud| = 0.97366(15), raising tension with the first row CKM unitarity
constraint. We comment on ways current and future experiments can provide input to our dispersive
analysis.

The unitarity test of the Cabibbo-Kobayashi-Maskawa
(CKM) matrix serves as one of the most important pre-
cision tests of the Standard Model. In particular, tests of
first-row CKM unitarity |Vud|

2 + |Vus|
2 + |Vub|

2 = 1 re-
ceive the most attention since these matrix elements are
known with highest precision, all with comparable uncer-
tainties. The good agreement with unitarity [1] serves as
a powerful tool to constrain New Physics scenarios.

Currently, the most precise determination of |Vud|

comes from measurements of half-lives of superallowed
0+ ! 0+ nuclear � decays with a precision of 10�4 [2]. At
tree-level, these decays are mediated by the vector part of
the weak charged current only, which is protected against
renormalization by strong interactions due to conserved
vector current (CVC), making the extraction of |Vud| rel-
atively clean. Beyond tree-level, however, electroweak ra-
diative corrections (EWRC) involving the axial current
are not protected, and lead to a hadronic uncertainty
that dominates the error in the determination of |Vud|.

The master formula relating the CKM matrix element
|Vud| to the superallowed nuclear � decay half-life is [2]:

|Vud|
2 =

2984.432(3) s

Ft(1 +�V
R)

, (1)

where the nucleus-independent Ft-value is obtained from
the experimentally measured ft-value by absorbing all
nuclear-dependent corrections, and where �V

R represents
the nucleus-independent EWRC. Currently, an average
of the 14 best measured half-lives yields an extraordinar-
ily precise value of Ft = 3072.27(72) s. A similar mas-
ter formula exists for free neutron � decay [3] depend-
ing additionally on the axial-to-vector nucleon coupling
ratio � = gA/gV , and is free of nuclear-structure uncer-
tainties. But the much larger experimental errors in the
measurement of its lifetime and the ratio � [4] makes it

less competitive in the extraction of |Vud|. Regardless, if
first-row CKM unitarity is to be tested at a higher level
of precision, improvement in the theoretical estimate of
�V

R by reducing hadronic uncertainties is essential.
The best determination of �V

R = 0.02361(38) was ob-
tained in 2006 by Marciano and Sirlin [5] (in the fol-
lowing, we refer to their work as [MS]). They were able
to reduce the hadronic uncertainty by a factor of 2 over
their earlier calculation [6] by using high order pertur-
bative QCD corrections originally derived for the polar-
ized Bjorken sum rule to precisely estimate the short dis-
tance contribution. At intermediate distances, an inter-
polating function motivated by vector meson dominance
(VMD) was used to connect the long and short distances
and was identified as the dominant source of theoreti-
cal uncertainty. This result leads to the current value of
|Vud| = 0.97420(21) [1].
In this Letter, we introduce a new approach for eval-

uating �V
R based on dispersion relations which relate

it to directly measurable inclusive lepton-hadron and
neutrino-hadron structure functions. Dispersion rela-
tions have proved crucial for evaluating the �Z-box cor-
rection to parity violating electron-hadron interaction in
atoms and in scattering processes [7–19]. It led to a sig-
nificant shift in the 1-loop SM prediction for the hadronic
weak charges, and ensured a correct extraction of the
weak mixing angle at low energy [20]. Using existing
data on neutrino and anti-neutrino scattering, we obtain
a more precise value of the nucleus-independent EWRC,

�V
R = 0.02467(22) , (2)

and therefore a new determination of |Vud|,

|Vud| = 0.97366(15). (3)
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We analyze the universal radiative correction �V
R to neutron and superallowed nuclear � decay

by expressing the hadronic �W -box contribution in terms of a dispersion relation, which we identify
as an integral over the first Nachtmann moment of the �W interference structure function F (0)

3 . By
connecting the needed input to existing data on neutrino and antineutrino scattering, we obtain
an updated value of �V

R = 0.02467(22), wherein the hadronic uncertainty is reduced. Assuming
other Standard Model theoretical calculations and experimental measurements remain unchanged,
we obtain an updated value of |Vud| = 0.97366(15), raising tension with the first row CKM unitarity
constraint. We comment on ways current and future experiments can provide input to our dispersive
analysis.

The unitarity test of the Cabibbo-Kobayashi-Maskawa
(CKM) matrix serves as one of the most important pre-
cision tests of the Standard Model. In particular, tests of
first-row CKM unitarity |Vud|

2 + |Vus|
2 + |Vub|

2 = 1 re-
ceive the most attention since these matrix elements are
known with highest precision, all with comparable uncer-
tainties. The good agreement with unitarity [1] serves as
a powerful tool to constrain New Physics scenarios.

Currently, the most precise determination of |Vud|

comes from measurements of half-lives of superallowed
0+ ! 0+ nuclear � decays with a precision of 10�4 [2]. At
tree-level, these decays are mediated by the vector part of
the weak charged current only, which is protected against
renormalization by strong interactions due to conserved
vector current (CVC), making the extraction of |Vud| rel-
atively clean. Beyond tree-level, however, electroweak ra-
diative corrections (EWRC) involving the axial current
are not protected, and lead to a hadronic uncertainty
that dominates the error in the determination of |Vud|.

The master formula relating the CKM matrix element
|Vud| to the superallowed nuclear � decay half-life is [2]:

|Vud|
2 =

2984.432(3) s

Ft(1 +�V
R)

, (1)

where the nucleus-independent Ft-value is obtained from
the experimentally measured ft-value by absorbing all
nuclear-dependent corrections, and where �V

R represents
the nucleus-independent EWRC. Currently, an average
of the 14 best measured half-lives yields an extraordinar-
ily precise value of Ft = 3072.27(72) s. A similar mas-
ter formula exists for free neutron � decay [3] depend-
ing additionally on the axial-to-vector nucleon coupling
ratio � = gA/gV , and is free of nuclear-structure uncer-
tainties. But the much larger experimental errors in the
measurement of its lifetime and the ratio � [4] makes it

less competitive in the extraction of |Vud|. Regardless, if
first-row CKM unitarity is to be tested at a higher level
of precision, improvement in the theoretical estimate of
�V

R by reducing hadronic uncertainties is essential.
The best determination of �V

R = 0.02361(38) was ob-
tained in 2006 by Marciano and Sirlin [5] (in the fol-
lowing, we refer to their work as [MS]). They were able
to reduce the hadronic uncertainty by a factor of 2 over
their earlier calculation [6] by using high order pertur-
bative QCD corrections originally derived for the polar-
ized Bjorken sum rule to precisely estimate the short dis-
tance contribution. At intermediate distances, an inter-
polating function motivated by vector meson dominance
(VMD) was used to connect the long and short distances
and was identified as the dominant source of theoreti-
cal uncertainty. This result leads to the current value of
|Vud| = 0.97420(21) [1].
In this Letter, we introduce a new approach for eval-

uating �V
R based on dispersion relations which relate

it to directly measurable inclusive lepton-hadron and
neutrino-hadron structure functions. Dispersion rela-
tions have proved crucial for evaluating the �Z-box cor-
rection to parity violating electron-hadron interaction in
atoms and in scattering processes [7–19]. It led to a sig-
nificant shift in the 1-loop SM prediction for the hadronic
weak charges, and ensured a correct extraction of the
weak mixing angle at low energy [20]. Using existing
data on neutrino and anti-neutrino scattering, we obtain
a more precise value of the nucleus-independent EWRC,

�V
R = 0.02467(22) , (2)

and therefore a new determination of |Vud|,

|Vud| = 0.97366(15). (3)

Marciano & Sirlin 2006 Dispersion relations

DR allowed to ~ halve the uncertainty in ΔRV due to the use of neutrino data
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Universal correction

ℱt = ft(1 + δ′�R)(1 − δC + δNS)

Nuclear corrections - E-dependent and independent

ℱ̃t = ft(1 + δ′�R)(1 − δC + δ̃NS + δE
NS)

New δNS uses QE estimate instead of the quenched Born estimate

δquenched Born
NS = − 0.058(14) % δQE

NS = − 0.11(3) %

δE
NS = 0 δQE

NS = + 0.05(5) %

No net shift to the Ft central value ℱt = (3072.1 ± 0.7)s → ℱt = (3072 ± 2)s
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We analyze the universal radiative correction �V
R to neutron and superallowed nuclear � decay

by expressing the hadronic �W -box contribution in terms of a dispersion relation, which we identify
as an integral over the first Nachtmann moment of the �W interference structure function F (0)

3 . By
connecting the needed input to existing data on neutrino and antineutrino scattering, we obtain
an updated value of �V

R = 0.02467(22), wherein the hadronic uncertainty is reduced. Assuming
other Standard Model theoretical calculations and experimental measurements remain unchanged,
we obtain an updated value of |Vud| = 0.97366(15), raising tension with the first row CKM unitarity
constraint. We comment on ways current and future experiments can provide input to our dispersive
analysis.

The unitarity test of the Cabibbo-Kobayashi-Maskawa
(CKM) matrix serves as one of the most important pre-
cision tests of the Standard Model. In particular, tests of
first-row CKM unitarity |Vud|

2 + |Vus|
2 + |Vub|

2 = 1 re-
ceive the most attention since these matrix elements are
known with highest precision, all with comparable uncer-
tainties. The good agreement with unitarity [1] serves as
a powerful tool to constrain New Physics scenarios.

Currently, the most precise determination of |Vud|

comes from measurements of half-lives of superallowed
0+ ! 0+ nuclear � decays with a precision of 10�4 [2]. At
tree-level, these decays are mediated by the vector part of
the weak charged current only, which is protected against
renormalization by strong interactions due to conserved
vector current (CVC), making the extraction of |Vud| rel-
atively clean. Beyond tree-level, however, electroweak ra-
diative corrections (EWRC) involving the axial current
are not protected, and lead to a hadronic uncertainty
that dominates the error in the determination of |Vud|.

The master formula relating the CKM matrix element
|Vud| to the superallowed nuclear � decay half-life is [2]:

|Vud|
2 =

2984.432(3) s

Ft(1 +�V
R)

, (1)

where the nucleus-independent Ft-value is obtained from
the experimentally measured ft-value by absorbing all
nuclear-dependent corrections, and where �V

R represents
the nucleus-independent EWRC. Currently, an average
of the 14 best measured half-lives yields an extraordinar-
ily precise value of Ft = 3072.27(72) s. A similar mas-
ter formula exists for free neutron � decay [3] depend-
ing additionally on the axial-to-vector nucleon coupling
ratio � = gA/gV , and is free of nuclear-structure uncer-
tainties. But the much larger experimental errors in the
measurement of its lifetime and the ratio � [4] makes it

less competitive in the extraction of |Vud|. Regardless, if
first-row CKM unitarity is to be tested at a higher level
of precision, improvement in the theoretical estimate of
�V

R by reducing hadronic uncertainties is essential.
The best determination of �V

R = 0.02361(38) was ob-
tained in 2006 by Marciano and Sirlin [5] (in the fol-
lowing, we refer to their work as [MS]). They were able
to reduce the hadronic uncertainty by a factor of 2 over
their earlier calculation [6] by using high order pertur-
bative QCD corrections originally derived for the polar-
ized Bjorken sum rule to precisely estimate the short dis-
tance contribution. At intermediate distances, an inter-
polating function motivated by vector meson dominance
(VMD) was used to connect the long and short distances
and was identified as the dominant source of theoreti-
cal uncertainty. This result leads to the current value of
|Vud| = 0.97420(21) [1].
In this Letter, we introduce a new approach for eval-

uating �V
R based on dispersion relations which relate

it to directly measurable inclusive lepton-hadron and
neutrino-hadron structure functions. Dispersion rela-
tions have proved crucial for evaluating the �Z-box cor-
rection to parity violating electron-hadron interaction in
atoms and in scattering processes [7–19]. It led to a sig-
nificant shift in the 1-loop SM prediction for the hadronic
weak charges, and ensured a correct extraction of the
weak mixing angle at low energy [20]. Using existing
data on neutrino and anti-neutrino scattering, we obtain
a more precise value of the nucleus-independent EWRC,

�V
R = 0.02467(22) , (2)

and therefore a new determination of |Vud|,

|Vud| = 0.97366(15). (3)
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We analyze the universal radiative correction �V
R to neutron and superallowed nuclear � decay

by expressing the hadronic �W -box contribution in terms of a dispersion relation, which we identify
as an integral over the first Nachtmann moment of the �W interference structure function F (0)

3 . By
connecting the needed input to existing data on neutrino and antineutrino scattering, we obtain
an updated value of �V

R = 0.02467(22), wherein the hadronic uncertainty is reduced. Assuming
other Standard Model theoretical calculations and experimental measurements remain unchanged,
we obtain an updated value of |Vud| = 0.97366(15), raising tension with the first row CKM unitarity
constraint. We comment on ways current and future experiments can provide input to our dispersive
analysis.

The unitarity test of the Cabibbo-Kobayashi-Maskawa
(CKM) matrix serves as one of the most important pre-
cision tests of the Standard Model. In particular, tests of
first-row CKM unitarity |Vud|

2 + |Vus|
2 + |Vub|

2 = 1 re-
ceive the most attention since these matrix elements are
known with highest precision, all with comparable uncer-
tainties. The good agreement with unitarity [1] serves as
a powerful tool to constrain New Physics scenarios.

Currently, the most precise determination of |Vud|

comes from measurements of half-lives of superallowed
0+ ! 0+ nuclear � decays with a precision of 10�4 [2]. At
tree-level, these decays are mediated by the vector part of
the weak charged current only, which is protected against
renormalization by strong interactions due to conserved
vector current (CVC), making the extraction of |Vud| rel-
atively clean. Beyond tree-level, however, electroweak ra-
diative corrections (EWRC) involving the axial current
are not protected, and lead to a hadronic uncertainty
that dominates the error in the determination of |Vud|.

The master formula relating the CKM matrix element
|Vud| to the superallowed nuclear � decay half-life is [2]:

|Vud|
2 =

2984.432(3) s

Ft(1 +�V
R)

, (1)

where the nucleus-independent Ft-value is obtained from
the experimentally measured ft-value by absorbing all
nuclear-dependent corrections, and where �V

R represents
the nucleus-independent EWRC. Currently, an average
of the 14 best measured half-lives yields an extraordinar-
ily precise value of Ft = 3072.27(72) s. A similar mas-
ter formula exists for free neutron � decay [3] depend-
ing additionally on the axial-to-vector nucleon coupling
ratio � = gA/gV , and is free of nuclear-structure uncer-
tainties. But the much larger experimental errors in the
measurement of its lifetime and the ratio � [4] makes it

less competitive in the extraction of |Vud|. Regardless, if
first-row CKM unitarity is to be tested at a higher level
of precision, improvement in the theoretical estimate of
�V

R by reducing hadronic uncertainties is essential.
The best determination of �V

R = 0.02361(38) was ob-
tained in 2006 by Marciano and Sirlin [5] (in the fol-
lowing, we refer to their work as [MS]). They were able
to reduce the hadronic uncertainty by a factor of 2 over
their earlier calculation [6] by using high order pertur-
bative QCD corrections originally derived for the polar-
ized Bjorken sum rule to precisely estimate the short dis-
tance contribution. At intermediate distances, an inter-
polating function motivated by vector meson dominance
(VMD) was used to connect the long and short distances
and was identified as the dominant source of theoreti-
cal uncertainty. This result leads to the current value of
|Vud| = 0.97420(21) [1].
In this Letter, we introduce a new approach for eval-

uating �V
R based on dispersion relations which relate

it to directly measurable inclusive lepton-hadron and
neutrino-hadron structure functions. Dispersion rela-
tions have proved crucial for evaluating the �Z-box cor-
rection to parity violating electron-hadron interaction in
atoms and in scattering processes [7–19]. It led to a sig-
nificant shift in the 1-loop SM prediction for the hadronic
weak charges, and ensured a correct extraction of the
weak mixing angle at low energy [20]. Using existing
data on neutrino and anti-neutrino scattering, we obtain
a more precise value of the nucleus-independent EWRC,

�V
R = 0.02467(22) , (2)

and therefore a new determination of |Vud|,

|Vud| = 0.97366(15). (3)

MS 2006 + HT 2014-2018 Dispersion relations
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|Vud | = 0.97420(10)Ft(18)ΔV
R

|Vud | = 0.97370(30)Ft(10)ΔV
R

ℱt = (3072 ± 2)sℱt = (3072.1 ± 0.7)s
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We analyze the universal radiative correction �V
R to neutron and superallowed nuclear � decay

by expressing the hadronic �W -box contribution in terms of a dispersion relation, which we identify
as an integral over the first Nachtmann moment of the �W interference structure function F (0)

3 . By
connecting the needed input to existing data on neutrino and antineutrino scattering, we obtain
an updated value of �V

R = 0.02467(22), wherein the hadronic uncertainty is reduced. Assuming
other Standard Model theoretical calculations and experimental measurements remain unchanged,
we obtain an updated value of |Vud| = 0.97366(15), raising tension with the first row CKM unitarity
constraint. We comment on ways current and future experiments can provide input to our dispersive
analysis.

The unitarity test of the Cabibbo-Kobayashi-Maskawa
(CKM) matrix serves as one of the most important pre-
cision tests of the Standard Model. In particular, tests of
first-row CKM unitarity |Vud|

2 + |Vus|
2 + |Vub|

2 = 1 re-
ceive the most attention since these matrix elements are
known with highest precision, all with comparable uncer-
tainties. The good agreement with unitarity [1] serves as
a powerful tool to constrain New Physics scenarios.

Currently, the most precise determination of |Vud|

comes from measurements of half-lives of superallowed
0+ ! 0+ nuclear � decays with a precision of 10�4 [2]. At
tree-level, these decays are mediated by the vector part of
the weak charged current only, which is protected against
renormalization by strong interactions due to conserved
vector current (CVC), making the extraction of |Vud| rel-
atively clean. Beyond tree-level, however, electroweak ra-
diative corrections (EWRC) involving the axial current
are not protected, and lead to a hadronic uncertainty
that dominates the error in the determination of |Vud|.

The master formula relating the CKM matrix element
|Vud| to the superallowed nuclear � decay half-life is [2]:

|Vud|
2 =

2984.432(3) s

Ft(1 +�V
R)

, (1)

where the nucleus-independent Ft-value is obtained from
the experimentally measured ft-value by absorbing all
nuclear-dependent corrections, and where �V

R represents
the nucleus-independent EWRC. Currently, an average
of the 14 best measured half-lives yields an extraordinar-
ily precise value of Ft = 3072.27(72) s. A similar mas-
ter formula exists for free neutron � decay [3] depend-
ing additionally on the axial-to-vector nucleon coupling
ratio � = gA/gV , and is free of nuclear-structure uncer-
tainties. But the much larger experimental errors in the
measurement of its lifetime and the ratio � [4] makes it

less competitive in the extraction of |Vud|. Regardless, if
first-row CKM unitarity is to be tested at a higher level
of precision, improvement in the theoretical estimate of
�V

R by reducing hadronic uncertainties is essential.
The best determination of �V

R = 0.02361(38) was ob-
tained in 2006 by Marciano and Sirlin [5] (in the fol-
lowing, we refer to their work as [MS]). They were able
to reduce the hadronic uncertainty by a factor of 2 over
their earlier calculation [6] by using high order pertur-
bative QCD corrections originally derived for the polar-
ized Bjorken sum rule to precisely estimate the short dis-
tance contribution. At intermediate distances, an inter-
polating function motivated by vector meson dominance
(VMD) was used to connect the long and short distances
and was identified as the dominant source of theoreti-
cal uncertainty. This result leads to the current value of
|Vud| = 0.97420(21) [1].
In this Letter, we introduce a new approach for eval-

uating �V
R based on dispersion relations which relate

it to directly measurable inclusive lepton-hadron and
neutrino-hadron structure functions. Dispersion rela-
tions have proved crucial for evaluating the �Z-box cor-
rection to parity violating electron-hadron interaction in
atoms and in scattering processes [7–19]. It led to a sig-
nificant shift in the 1-loop SM prediction for the hadronic
weak charges, and ensured a correct extraction of the
weak mixing angle at low energy [20]. Using existing
data on neutrino and anti-neutrino scattering, we obtain
a more precise value of the nucleus-independent EWRC,

�V
R = 0.02467(22) , (2)

and therefore a new determination of |Vud|,

|Vud| = 0.97366(15). (3)

|Vud |2 + |Vus |2 + |Vub |2 = 0.9994 ± 0.0005 |Vud |2 + |Vus |2 + |Vub |2 = 0.9984 ± 0.0006

Unitarity in the top row

Substantial shift in the central value by two old sigmas (due to ΔRV) 

Discrepancy with the unitarity mainly depends now on nuclear uncertainties
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Nuclear correction δNS
DR allow to address hadronic and nuclear parts of the calculation on the same footing 
The full nuclear correction should be calculated (not just QE) - further test of H&T δNS

Decay spectra and nuclear polarizabilities
Can contaminate the extraction of Fierz interference from precise spectra!

• The γW-box in the forward dispersion relation framework 
• Hadronic and nuclear corrections in a unified framework 
• Nuclear structure leaks in the outer correction, distorts the beta decay spectrum 
• Better calculations than free Fermi gas should be done 
• Nuclear uncertainties shift the emphasis on free neutron decay 
• Tensions with CKM unitarity:    Σi=d,s,b |Vui|2 - 1 = -0.0016(6)
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However… the largest correction to Ft is ISB δC non-dispersive

Range from 0.15% to 1.5% 

Can its calculation be related to neutron skin calculations for PVES? 

Which ingredients are common and which are not? 

MESA@Mainz will measure the weak radius of C-12 to <1% (2023 on) 

Other nuclei (including symmetric ones) possible in the future 

Potentially a strong statement between two fields
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Nuclear structure distorts the β-spectrum!

4

blocking is described by the Pauli function

FP(|~q |, kF ) =
3|~q |

4kF
[1� ~q 2/(12k2F )] for |~q|  2kF , (17)

and FP = 1 otherwise, and |~q | =
p

⌫2 +Q2 stands for
the 3-momentum of the virtual photon (W± boson). The
�-function reflects the knock-out nucleon being on shell.
The integral in Eq. (16) can be carried out analytically
[8] after which the dependence of the spectral function S
on the breakup threshold becomes explicit. Finally, the
residues fi corresponding to the coe�cient in front of the
� function in the nucleon Born contribution read

f (0)
1 =

Q2

8
GW

MGS
M , f (0)

2 =
Q2

4

GV
EG

S
E + ⌧GV

MGS
M

1 + ⌧
,

f (�)
3 = �

Q2

4
GAG

V
M , (18)

with GS,V
E,M = Gp

E,M (Q2) ± Gn
E,M (Q2) the nucleon

isoscalar and isovector electromagnetic form factors, the
axial form factor GA with GA(0) = �1.2755, and the nu-
cleon recoil ⌧ = Q2/4M2

p . A numerical evaluation with
the e↵ective separation energy ✏̄ = 7.5 ± 1.5 MeV and
Pauli momentum kF = 235 ± 10 MeV leads to the FFG
estimate

�R(E) = (1.4± 0.2)⇥ 10�3

✓
E

5MeV

◆
. (19)

This estimate is one order of magnitude larger than
the naive estimate with the nuclear electric dipole
polarizability and the nuclear size. It is well known
that QE cross sections with slightly virtual photons are
much larger than with real photons, so the estimate
↵E(Q2) ⇠ ↵E(0)e�R2

ChQ
2/6 used in the previous section

is likely to underestimate the actual e↵ect. On the
other hand, the FFG model is known to overestimate
the quasielastic response at very low values of Q2 where
meson exchange currents tend to lead to a suppression.
So the realistic size of the e↵ect should lie between
those two extremes. Note that the contribution of F (�)

3

dominates over the other two terms in Eq. (10) in FFG
due to the large isovector nucleon magnetic moment.

Numerical results and the e↵ect on the Ft-values
Above, I obtained an estimate of the energy-dependent
correction in two di↵erent models which give a rough idea
of the lower and upper bound of the size of the e↵ect.
For numerical estimates I will use the average of the two
estimates with a 100% uncertainty,

�R(E) ⇠ (8± 8)⇥ 10�4

✓
E

5MeV

◆
, (20)

and this result is independent on the nucleus. Never-
theless, the respective correction to the total decay rate

will depend on the particular decay via the correspond-
ing Q-value. The correction to the Ft-value is obtained
by integrating �R(E) over the beta spectrum,

�NS
E =

R Em

me
dEEp(Q� E)2�R(E)

R Em

me
dEEp(Q� E)2

, (21)

where p =
p
E2 �m2

e is the electron 3-momentum, me

the electron mass, and Q the maximal electron energy
available in a given decay. The result of the integration
with the estimate of Eq. (20) leads to

�NS
E = (8± 8)⇥ 10�5 Q

MeV
, (22)

which modifies the Ft values according to

F̃t = ft(1 + �0R)(1� �C + �NS +�NS
E ). (23)

The absolute shift in the Ft values due to the nuclear po-
larizability contribution obtained as �Ft = Ft⇥�NS

E is
shown for the 14 most accurately measured superallowed
decays in Table I along with the central values and the
respective uncertainties of the original analysis of Ref.
[3]. It is seen that for the seven most precise Ft values

Decay Q (MeV) �NS
E (10�4) �Ft(s) Ft(s) [3]

10
C 1.91 1.5 0.5 3078.0(4.5)

14
O 2.83 2.3 0.7 3071.4(3.2)

22
Mg 4.12 3.3 1.0 3077.9(7.3)

34
Ar 6.06 4.8 1.5 3065.6(8.4)

38
Ca 6.61 5.3 1.6 3076.4(7.2)

26m
Al 4.23 3.4 1.0 3072.9(1.0)

34
Cl 5.49 4.4 1.4 3070.7+1.7

�1.8
38m

K 6.04 4.8 1.5 3071.6(2.0)
42
Sc 6.43 5.1 1.6 3072.4(2.3)

46
V 7.05 5.6 1.7 3074.1(2.0)

50
Mn 7.63 6.1 1.9 3071.2(2.1)

54
Co 8.24 6.6 2.0 3069.8+2.4

�2.6
62
Ga 9.18 7.3 2.2 3071.5(6.7)

74
Rb 10.42 8.3 2.6 3076(11)

TABLE I: For 14 superallowed decay I display the respective
Q-value, the fractional e↵ect on the decay rate obtained from
the energy-dependent correction integrated over the electron
spectrum, the respective shift in the Ft value, in comparison
with the Ft values and respective uncertainties taken from [3]

(26mAl through 54Co) the new correction is comparable
with their uncertainties from the analysis of [3]. Such a
systematic shift of all Ft values in the same direction will
then reflect in a substantial shift of their average Ft:

Ft = 7072.07(63)s ! Ft = 7073.6(0.6)(1.5)s. (24)

A recent re-evaluation of the nuclear part of the energy-
independent correction Re⇤even

�W resulted in a shift of a

Absolute shift in Ft values

Shift due to δENS: comparable  
to precision of 7 best-known decays

Decay electron polarizes the daughter nucleus 

As a result the spectrum is slightly distorted  
towards the upper end  

Positive-definite correction to Ft ~ 0.05%
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and FP = 1 otherwise, and |~q | =
p

⌫2 +Q2 stands for
the 3-momentum of the virtual photon (W± boson). The
�-function reflects the knock-out nucleon being on shell.
The integral in Eq. (16) can be carried out analytically
[8] after which the dependence of the spectral function S
on the breakup threshold becomes explicit. Finally, the
residues fi corresponding to the coe�cient in front of the
� function in the nucleon Born contribution read
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p . A numerical evaluation with
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Pauli momentum kF = 235 ± 10 MeV leads to the FFG
estimate
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This estimate is one order of magnitude larger than
the naive estimate with the nuclear electric dipole
polarizability and the nuclear size. It is well known
that QE cross sections with slightly virtual photons are
much larger than with real photons, so the estimate
↵E(Q2) ⇠ ↵E(0)e�R2

ChQ
2/6 used in the previous section

is likely to underestimate the actual e↵ect. On the
other hand, the FFG model is known to overestimate
the quasielastic response at very low values of Q2 where
meson exchange currents tend to lead to a suppression.
So the realistic size of the e↵ect should lie between
those two extremes. Note that the contribution of F (�)
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dominates over the other two terms in Eq. (10) in FFG
due to the large isovector nucleon magnetic moment.

Numerical results and the e↵ect on the Ft-values
Above, I obtained an estimate of the energy-dependent
correction in two di↵erent models which give a rough idea
of the lower and upper bound of the size of the e↵ect.
For numerical estimates I will use the average of the two
estimates with a 100% uncertainty,

�R(E) ⇠ (8± 8)⇥ 10�4

✓
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5MeV

◆
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and this result is independent on the nucleus. Never-
theless, the respective correction to the total decay rate

will depend on the particular decay via the correspond-
ing Q-value. The correction to the Ft-value is obtained
by integrating �R(E) over the beta spectrum,

�NS
E =

R Em

me
dEEp(Q� E)2�R(E)

R Em

me
dEEp(Q� E)2

, (21)

where p =
p
E2 �m2

e is the electron 3-momentum, me

the electron mass, and Q the maximal electron energy
available in a given decay. The result of the integration
with the estimate of Eq. (20) leads to

�NS
E = (8± 8)⇥ 10�5 Q

MeV
, (22)

which modifies the Ft values according to

Ft = ft(1 + �0R)(1� �C + �NS +�NS
E ). (23)

The absolute shift in the Ft values due to the nuclear po-
larizability contribution obtained as �Ft = Ft⇥�NS

E is
shown for the 14 most accurately measured superallowed
decays in Table I along with the central values and the
respective uncertainties of the original analysis of Ref.
[3]. It is seen that for the seven most precise Ft values

Decay Q (MeV) �NS
E (10�4) �Ft(s) Ft(s) [3]

10
C 1.91 1.5 0.5 3078.0(4.5)

14
O 2.83 2.3 0.7 3071.4(3.2)

22
Mg 4.12 3.3 1.0 3077.9(7.3)

34
Ar 6.06 4.8 1.5 3065.6(8.4)

38
Ca 6.61 5.3 1.6 3076.4(7.2)

26m
Al 4.23 3.4 1.0 3072.9(1.0)

34
Cl 5.49 4.4 1.4 3070.7+1.7

�1.8
38m

K 6.04 4.8 1.5 3071.6(2.0)
42
Sc 6.43 5.1 1.6 3072.4(2.3)

46
V 7.05 5.6 1.7 3074.1(2.0)

50
Mn 7.63 6.1 1.9 3071.2(2.1)

54
Co 8.24 6.6 2.0 3069.8+2.4

�2.6
62
Ga 9.18 7.3 2.2 3071.5(6.7)

74
Rb 10.42 8.3 2.6 3076(11)

TABLE I: For 14 superallowed decay I display the respective
Q-value, the fractional e↵ect on the decay rate obtained from
the energy-dependent correction integrated over the electron
spectrum, the respective shift in the Ft value, in comparison
with the Ft values and respective uncertainties taken from [3]

(26mAl through 54Co) the new correction is comparable
with their uncertainties from the analysis of [3]. Such a
systematic shift of all Ft values in the same direction will
then reflect in a substantial shift of their average Ft:

Ft = 3072.07(63)s ! Ft = 3073.6(0.6)(1.5)s. (24)

A recent re-evaluation of the nuclear part of the energy-
independent correction Re⇤even

�W resulted in a shift of a

Previously found: E-independent piece lowers the Ft value by about the same amount

Nuclear structure uncertainties might be underestimated
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Decay ✏1 (MeV) ✏2 (MeV) ✏ (MeV)
10
C !10

B 6.70 4.79 5.67
14
O !14

N 8.24 5.41 6.68
18
Ne !18

F 8.11 4.71 6.18
22
Mg !22

Na 10.41 6.28 8.09
26
Si !26

Al 11.14 6.30 8.38
30
S !30

P 10.64 5.18 7.42
34
Ar !34

Cl 11.51 5.44 7.91
38
Ca !38

K 11.94 5.33 7.98
42
T i !42

Sc 11.57 4.55 7.25
26m

Al !26
Mg 11.09 6.86 8.72

34
Cl !34

S 11.42 5.92 8.22
38m

K !38
Ar 11.84 5.79 8.28

42
Sc !42

Ca 11.48 5.05 7.61
46
V !46

T i 13.19 6.14 9.00
50
Mn !50

Cr 13.00 5.37 8.35
54
Co !54

Fe 13.38 5.13 8.28
62
Ga !62

Zn 12.90 3.72 6.94
66
As !66

Ge 12.74 3.16 6.34
70
Br !70

Se 13.17 3.20 6.49
74
Rb !74

Kr 13.85 3.44 6.90

TABLE I: E↵ective removal energy ✏ as calculated from the
initial and final nucleus removal energies ✏2,1 for all superal-
lowed � decays listed in Ref. [5].

so does the ⌫ integration since ⌫ = Q2/(2M). In nu-
clei, binding e↵ects shift that threshold to a finite value
⌫ = Q2/(2MA)+✏. Pauli blocking provides an additional
source of reduction. Indeed, Ref. [30] observed the anal-
ogous e↵ect of Pauli blocking upon the �Z-box contribu-
tion to parity violation in heavy atoms. We checked that
in the limit ✏, kF ! 0 we recover the Born contribution
on a free nucleon.

For a meaningful comparison with Refs. [44, 50], we
extract the average of their estimates for 20 decays,

[q(0)S qA � 1]CB = �0.25(6) and notice a significantly
larger magnitude of the nuclear modification in our ap-
proach. This means that retaining all other nuclear cor-
rections in Ref. [5], the universal Ft value should be
corrected by

↵

⇡
(CQE � q(0)S qACB) = �(5.1± 3.2)⇥ 10�4,

(75)

leading to a new estimate

Ft = 3072.07(63)s ! [Ft]new = 3070.50(63)(98)s, (76)

with the second uncertainty stemming from that of the
QE contribution.

This shift in the Ft value partially cancels the large
shift in the value of Vud that followed from the new dis-

persion evaluation of �V
R in the previous Section,

|V new

ud | = 0.97370(14) ! |V new, QE

ud | = 0.97395(14)(16) .

(77)

The corresponding change in the test of first-row CKM
unitarity reads

|Vud|
2 + |Vus|

2 + |Vub|
2 = 0.9984± 0.0004 (78)

! |Vud|
2 + |Vus|

2 + |Vub|
2 = 0.9989± 0.0005.

The result in Eq. (78) is 2.2 standard deviation away
from exact unitarity and within one standard deviation
from the current PDG value, |Vud|

2 + |Vus|
2 + |Vub|

2 =
0.9994± 0.0005.
We can relate this new result for the Ft value with the

observation made in Ref. [37] for the free neutron decay.
While the lifetime and the axial charge individually are
not very precisely known at present, a combination of
them ⌧n(1 + 3�2) forms a constant which is independent
of the uncertainty in �R,�V

R :

⌧n(1 + 3�2) ⇡ 1.70865
1 +�V

R

1 +�R
Ft = constant. (79)

The constant depends on nuclear-structure e↵ects via
the Ft value: while Ref. [37] obtains constant =
5172.0(1.1)s based on the analysis of Ref. [5], our evalu-
ation of the QE contribution shifts this value to a lower
value 5169.7(1.2)s.
As mentioned above, we consider this new dispersion

relation-based estimate of the quasielastic nuclear cor-
rection as exploratory since it is based on a simple free
Fermi gas model and is not yet directly validated by ex-
perimental data. This motivated us to assign a generous
30% model uncertainty to the quasielastic result. A fu-
ture evaluation that will use a more sophisticated model
of quasielastic nuclear response will certainly decrease
this uncertainty while also being able to address the de-
pendence of this correction on the final nucleus charge
Z. We postpone this calculation to a future work. With
these reservations, we believe that our new evaluation of
the “quenched Born contribution” is much better justi-
fied, as compared to the earlier approach of Ref. [44] used
in computing �NS . The dispersion relation approach also
provides the basis for a unification of the universal correc-
tion �V

R and the nuclear structure-dependent correction
�NS within the same framework. To further advance the
evaluation of these corrections, the following steps will
be necessary: i) more advanced calculations of the QE
single-nucleon knock-out contribution using up-to-date
nuclear theory and validated by experimental QE data;
ii) advanced calculations of the QE two-nucleon knock-
out that is the main contribution to �NS , which should
also be confronted with the experimental data; iii) new
computations of the contributions to �NS from low-lying
nuclear states that directly incorporate the dynamics re-
sponsible for the observed quenching of spin-flip transi-
tions; iv) computations that include nuclear shadowing

ℱ̃t = ft(1 + δ′�R)(1 − δC + δNS + δE
NS)

δℱt = ℱt × δE
NS
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We analyze the universal radiative correction �V
R to neutron and superallowed nuclear � decay

by expressing the hadronic �W -box contribution in terms of a dispersion relation, which we identify
as an integral over the first Nachtmann moment of the �W interference structure function F (0)

3 . By
connecting the needed input to existing data on neutrino and antineutrino scattering, we obtain
an updated value of �V

R = 0.02467(22), wherein the hadronic uncertainty is reduced. Assuming
other Standard Model theoretical calculations and experimental measurements remain unchanged,
we obtain an updated value of |Vud| = 0.97366(15), raising tension with the first row CKM unitarity
constraint. We comment on ways current and future experiments can provide input to our dispersive
analysis.

The unitarity test of the Cabibbo-Kobayashi-Maskawa
(CKM) matrix serves as one of the most important pre-
cision tests of the Standard Model. In particular, tests of
first-row CKM unitarity |Vud|

2 + |Vus|
2 + |Vub|

2 = 1 re-
ceive the most attention since these matrix elements are
known with highest precision, all with comparable uncer-
tainties. The good agreement with unitarity [1] serves as
a powerful tool to constrain New Physics scenarios.

Currently, the most precise determination of |Vud|

comes from measurements of half-lives of superallowed
0+ ! 0+ nuclear � decays with a precision of 10�4 [2]. At
tree-level, these decays are mediated by the vector part of
the weak charged current only, which is protected against
renormalization by strong interactions due to conserved
vector current (CVC), making the extraction of |Vud| rel-
atively clean. Beyond tree-level, however, electroweak ra-
diative corrections (EWRC) involving the axial current
are not protected, and lead to a hadronic uncertainty
that dominates the error in the determination of |Vud|.

The master formula relating the CKM matrix element
|Vud| to the superallowed nuclear � decay half-life is [2]:

|Vud|
2 =

2984.432(3) s

Ft(1 +�V
R)

, (1)

where the nucleus-independent Ft-value is obtained from
the experimentally measured ft-value by absorbing all
nuclear-dependent corrections, and where �V

R represents
the nucleus-independent EWRC. Currently, an average
of the 14 best measured half-lives yields an extraordinar-
ily precise value of Ft = 3072.27(72) s. A similar mas-
ter formula exists for free neutron � decay [3] depend-
ing additionally on the axial-to-vector nucleon coupling
ratio � = gA/gV , and is free of nuclear-structure uncer-
tainties. But the much larger experimental errors in the
measurement of its lifetime and the ratio � [4] makes it

less competitive in the extraction of |Vud|. Regardless, if
first-row CKM unitarity is to be tested at a higher level
of precision, improvement in the theoretical estimate of
�V

R by reducing hadronic uncertainties is essential.
The best determination of �V

R = 0.02361(38) was ob-
tained in 2006 by Marciano and Sirlin [5] (in the fol-
lowing, we refer to their work as [MS]). They were able
to reduce the hadronic uncertainty by a factor of 2 over
their earlier calculation [6] by using high order pertur-
bative QCD corrections originally derived for the polar-
ized Bjorken sum rule to precisely estimate the short dis-
tance contribution. At intermediate distances, an inter-
polating function motivated by vector meson dominance
(VMD) was used to connect the long and short distances
and was identified as the dominant source of theoreti-
cal uncertainty. This result leads to the current value of
|Vud| = 0.97420(21) [1].
In this Letter, we introduce a new approach for eval-

uating �V
R based on dispersion relations which relate

it to directly measurable inclusive lepton-hadron and
neutrino-hadron structure functions. Dispersion rela-
tions have proved crucial for evaluating the �Z-box cor-
rection to parity violating electron-hadron interaction in
atoms and in scattering processes [7–19]. It led to a sig-
nificant shift in the 1-loop SM prediction for the hadronic
weak charges, and ensured a correct extraction of the
weak mixing angle at low energy [20]. Using existing
data on neutrino and anti-neutrino scattering, we obtain
a more precise value of the nucleus-independent EWRC,

�V
R = 0.02467(22) , (2)

and therefore a new determination of |Vud|,

|Vud| = 0.97366(15). (3)

Will affect the extracted Vud
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Decay ✏1 (MeV) ✏2 (MeV) ✏ (MeV)
10
C !10

B 6.70 4.79 5.67
14
O !14

N 8.24 5.41 6.68
18
Ne !18

F 8.11 4.71 6.18
22
Mg !22

Na 10.41 6.28 8.09
26
Si !26

Al 11.14 6.30 8.38
30
S !30

P 10.64 5.18 7.42
34
Ar !34

Cl 11.51 5.44 7.91
38
Ca !38

K 11.94 5.33 7.98
42
T i !42

Sc 11.57 4.55 7.25
26m

Al !26
Mg 11.09 6.86 8.72

34
Cl !34

S 11.42 5.92 8.22
38m

K !38
Ar 11.84 5.79 8.28

42
Sc !42

Ca 11.48 5.05 7.61
46
V !46

T i 13.19 6.14 9.00
50
Mn !50

Cr 13.00 5.37 8.35
54
Co !54

Fe 13.38 5.13 8.28
62
Ga !62

Zn 12.90 3.72 6.94
66
As !66

Ge 12.74 3.16 6.34
70
Br !70

Se 13.17 3.20 6.49
74
Rb !74

Kr 13.85 3.44 6.90

TABLE I: E↵ective removal energy ✏ as calculated from the
mother and daughter removal energies ✏2,1 for all superallowed
� decays listed in Ref. [4].

[q(0)S qA � 1]CB = �0.25 and notice a significantly larger
nuclear modification in our approach. This means that
retaining all other nuclear corrections in Ref. [4], the
universal Ft value should be corrected by

↵

⇡
(CQE � CB � [q(0)S qA � 1]CB) = �(4.6± 0.9)⇥ 10�4,

(64)

leading to a new estimate

Ft = 3072.07(63)s ! [Ft]new = 3070.65(63)(28)s, (65)

with the second uncertainty stemming from that of the
QE contribution. This shift in the Ft value partially
cancels the large shift in the value of Vud that followed
from the new dispersion evaluation of �V

R in the previous
Section,

V new
ud = 0.97370(14) ! V new, QE

ud = 0.97392(14)(04)

(66)

and that in the first-row CKM unitarity,

|Vud|
2 + |Vus|

2 + |Vub|
2 = 0.9984± 0.0004 (67)

! |Vud|
2 + |Vus|

2 + |Vub|
2 = 0.9988± 0.0004,

three standard deviation from exact unitarity, and within
1.25 standard deviations from the current PDG value,
|Vud|

2 + |Vus|
2 + |Vub|

2 = 0.9994± 0.0005.

As mentioned above, we consider this new dispersion
relation-based estimate of the quasielastic nuclear correc-
tion as exploratory. Unlike our new evaluation of the free
nucleon correction �V

R that is very solid, the quasielastic
calculation can be considered as less reliable since it is
based on a simple free Fermi gas model, and is not yet
directly validated by experimental data. Nevertheless,
we emphasize that our new evaluation of the “quenched
Born contribution” is much better justified, as compared
to the old approach of Ref. [30] that enters �NS which de-
termines the universal Ft value. The dispersion approach
also provides the basis for a unification of the universal
correction �V

R and the nuclear structure-dependent cor-
rections �NS , �C within the same framework. To further
advance the evaluation of these corrections, the following
steps will be necessary: i) more advanced calculations of
the QE single-nucleon knock-out contribution using up-
to-date nuclear theory and validated by experimental QE
data; ii) advanced calculations of the QE two-nucleon
knock-out that is the main contribution to �NS , which
should also be confronted with the experimental data;
iii) include nuclear shadowing e↵ects which may a↵ect
the evaluation of �V

R on a nucleus, and have not been
considered in the literature. To set up this research pro-
gram, a close cooperation between particle and nuclear
theorists, and experimentalists will be crucial.

VIII. RELATION TO eN-SCATTERING DATA

Besides making use of the neutrino scattering data, one
other possibility to probe the �W interference matrix
element in experiment is to relate it to the �Z matrix
element which can be measured in parity-violating eN -
scattering through isospin symmetry. To illustrate this
point, we first define a set of rank-one spherical tensors in
the isospin space using the axial current Aµ

i = q̄�µ�5⌧iq:

A±1,µ
1 = ⌥

1
p
2
(Aµ

1 ± iAµ
2 )

A0,µ
1 = Aµ

3 (68)

such that the axial components of the charged and neu-
tral weak currents are given by (Jµ

W )A = (1/
p
2)A1,µ

1 and

(Jµ
Z)A = �(1/2)A0,µ

1 . With this, one can easily show us-
ing the Wigner-Eckart theorem in the isospin space that

hp| J (0)µ
em (J⌫

W )A |ni (69)

= hp| J (0)µ
em (J⌫

Z)A |pi � hn| J (0)µ
em (J⌫

Z)A |ni ,

where J (0)µ
em is the isosinglet component of the electro-

magnetic current (and a superscript “3” will denote its

isotriplet component). Next, we can write J (0)µ
em =

Jµ
em � J (3)µ

em at the right hand side of the equation above

and argue that the terms with J (3)µ
em sum up to zero. The

reason is simple: both J (3)µ
em and (J⌫

Z)A are (I = 1, I3 = 0)
objects, so their product can only be (I = 0, I3 = 0) or
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It worths mentioning that, with this update the amount
of uncertainty in Vud induced by �V

R is now almost the
same as that due to Ft. Our study leads to a new, more
precise extraction of Vud from superallowed decays,

V old
ud = 0.97420(21) ! V new

ud = 0.97370(14). (48)

One may also extract Vud from free neutron beta decay:

|V old
ud |free n = 0.9758(16) ! |V new

ud |free n = 0.9753(16),

(49)

where we have taken ⌧n = 880.2(1.0)s and � =
�1.2724(23) as quoted in PDG 2018 [2]. Our new evalua-
tion of �V

R does not impact the total uncertainty because
the latter is dominated by the experimental uncertainties
of ⌧n and �.
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FIG. 7: Our prediction of
M2

W
M2

W+Q2M
(0)
3 (1, Q2) vs the MS’s

prediction. Notice that the peak around Q
2 = 0.1 GeV2 is

due to the Born contribution.

The comparison between our new result and the
MS result is most easily visualized through a plot of�
M2

W /(M2
W +Q2)

�
M (0)

3 (1, Q2) versus Q2 in log scale,
as shown in Fig. 7. Since dQ2/Q2 = d lnQ2 in Eq.
(26), the area under the curve provides a direct measure
of ⇤V A

�W . While mutually agreeing at large Q2, we find
three main di↵erences between our approach and MS: (1)
MS assume no physics other than Born at low Q2, which
is not true by inspecting the W 2

� Q2 diagram in Fig.
3. In fact, our result shows that inelastic channels start
contributing significantly already from Q2

⇡ 0.1 GeV2

onwards; (2) MS require their interpolating function to
vanish when Q2

! 0 (which turns out not to be true by
explicit ChPT calculation), which causes the function to
drop too fast with decreasing Q2 and meet Fel(Q2) at
relatively large matching point Q2 = (0.823GeV)2; (3)
MS require the integral of their interpolating function,
instead of the function itself, to match pQCD result in
the asymptotic region. This causes a discontinuity of

their F (Q2) at the UV-matching point. All in all, the
MS treatment of the interpolating function results in an
underestimation of �V

R .
Our update on Vud from superallowed decays reflects

in the first row CKM unitarity,

|Vud|
2 + |Vus|

2 + |Vub|
2 = 0.9984± 0.0004, (50)

where 2018 PDG averages [2] |Vus| = 0.2243(5) and
|Vub| = 0.00394(36) were used. The previous PDG con-
straint on the first row unitarity was |Vud|

2 + |Vus|
2 +

|Vub|
2 = 0.9994 ± 0.0005, roughly consistent with uni-

tarity. Our new result suggests that, if all other SM
corrections are correct, first row unitarity is violated by
(1.6 ± 0.4) ⇥ 10�3. As mentioned already in the Intro-
duction, the value of Vud extracted from the superallowed
nuclear decays relies on the nuclear structure corrections
�NS which are purely theoretical. There persists a discus-
sion on the uncertainty and model dependence of those
calculations, see e.g. the recent Ref. [8] and references
therein. The shell model approach with the Wood-Saxon
potential advocated by Hardy and Towner is at variance
with Hartree-Fock evaluations which may signal a sys-
tematic e↵ect that has not yet been fully understood. In
view of this we plan reassessing the nuclear corrections
from the dispersion relation perspective in detail in the
upcoming work. In the next Section we demonstrate the
potential of the dispersion treatment on the example of
the quasielastic contribution to the �W -box calculation
on nuclei.

VII. NUCLEAR CONTRIBUTIONS TO ⇤V A
�W

FOR NUCLEAR FERMI DECAYS:
QUASIELASTIC CONTRIBUTION

FIG. 8: Idealized structure of virtual photoabsorption on a
nucleus.

Fig. 8 displays the idealized structure of the electroab-
sorption spectrum on a nucleus. While the shape in the
hadronic range is similar to that on a free nucleon in
Fig. 4, the lower part of the nuclear spectrum contains
nuclear resonances and the quasielastic (QE) peak con-
taining one-nucleon knock-out, as well as knock-out of
two or more nucleons in a single scattering process.

Compensates for a part of the shift due to a new evaluation of ΔVR

Brings the first row closer to the unitarity (4σ → 2.2σ)

Important messages: 
a nuclear contribution may shift by 2 sigma if evaluated with a different method 
dispersion relations as a unified tool for treating hadronic and nuclear parts of RC
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Decay ✏1 (MeV) ✏2 (MeV) ✏ (MeV)
10
C !10

B 6.70 4.79 5.67
14
O !14

N 8.24 5.41 6.68
18
Ne !18

F 8.11 4.71 6.18
22
Mg !22

Na 10.41 6.28 8.09
26
Si !26

Al 11.14 6.30 8.38
30
S !30

P 10.64 5.18 7.42
34
Ar !34

Cl 11.51 5.44 7.91
38
Ca !38

K 11.94 5.33 7.98
42
T i !42

Sc 11.57 4.55 7.25
26m

Al !26
Mg 11.09 6.86 8.72

34
Cl !34

S 11.42 5.92 8.22
38m

K !38
Ar 11.84 5.79 8.28

42
Sc !42

Ca 11.48 5.05 7.61
46
V !46

T i 13.19 6.14 9.00
50
Mn !50

Cr 13.00 5.37 8.35
54
Co !54

Fe 13.38 5.13 8.28
62
Ga !62

Zn 12.90 3.72 6.94
66
As !66

Ge 12.74 3.16 6.34
70
Br !70

Se 13.17 3.20 6.49
74
Rb !74

Kr 13.85 3.44 6.90

TABLE I: E↵ective removal energy ✏ as calculated from the
initial and final nucleus removal energies ✏2,1 for all superal-
lowed � decays listed in Ref. [5].

so does the ⌫ integration since ⌫ = Q2/(2M). In nu-
clei, binding e↵ects shift that threshold to a finite value
⌫ = Q2/(2MA)+✏. Pauli blocking provides an additional
source of reduction. Indeed, Ref. [30] observed the anal-
ogous e↵ect of Pauli blocking upon the �Z-box contribu-
tion to parity violation in heavy atoms. We checked that
in the limit ✏, kF ! 0 we recover the Born contribution
on a free nucleon.

For a meaningful comparison with Refs. [44, 50], we
extract the average of their estimates for 20 decays,

[q(0)S qA � 1]CB = �0.25(6) and notice a significantly
larger magnitude of the nuclear modification in our ap-
proach. This means that retaining all other nuclear cor-
rections in Ref. [5], the universal Ft value should be
corrected by

↵

⇡
(CQE � q(0)S qACB) = �(5.1± 3.2)⇥ 10�4,

(75)

leading to a new estimate

Ft = 3072.07(63)s ! [Ft]new = 3070.50(63)(98)s, (76)

with the second uncertainty stemming from that of the
QE contribution.

This shift in the Ft value partially cancels the large
shift in the value of Vud that followed from the new dis-

persion evaluation of �V
R in the previous Section,

|V new

ud | = 0.97370(14) ! |V new, QE

ud | = 0.97395(14)(16) .

(77)

The corresponding change in the test of first-row CKM
unitarity reads

|Vud|
2 + |Vus|

2 + |Vub|
2 = 0.9984± 0.0004 (78)

! |Vud|
2 + |Vus|

2 + |Vub|
2 = 0.9989± 0.0005.

The result in Eq. (78) is 2.2 standard deviation away
from exact unitarity and within one standard deviation
from the current PDG value, |Vud|

2 + |Vus|
2 + |Vub|

2 =
0.9994± 0.0005.
We can relate this new result for the Ft value with the

observation made in Ref. [37] for the free neutron decay.
While the lifetime and the axial charge individually are
not very precisely known at present, a combination of
them ⌧n(1 + 3�2) forms a constant which is independent
of the uncertainty in �R,�V

R :

⌧n(1 + 3�2) ⇡ 1.70865
1 +�V

R

1 +�R
Ft = constant. (79)

The constant depends on nuclear-structure e↵ects via
the Ft value: while Ref. [37] obtains constant =
5172.0(1.1)s based on the analysis of Ref. [5], our evalu-
ation of the QE contribution shifts this value to a lower
value 5169.7(1.2)s.
As mentioned above, we consider this new dispersion

relation-based estimate of the quasielastic nuclear cor-
rection as exploratory since it is based on a simple free
Fermi gas model and is not yet directly validated by ex-
perimental data. This motivated us to assign a generous
30% model uncertainty to the quasielastic result. A fu-
ture evaluation that will use a more sophisticated model
of quasielastic nuclear response will certainly decrease
this uncertainty while also being able to address the de-
pendence of this correction on the final nucleus charge
Z. We postpone this calculation to a future work. With
these reservations, we believe that our new evaluation of
the “quenched Born contribution” is much better justi-
fied, as compared to the earlier approach of Ref. [44] used
in computing �NS . The dispersion relation approach also
provides the basis for a unification of the universal correc-
tion �V

R and the nuclear structure-dependent correction
�NS within the same framework. To further advance the
evaluation of these corrections, the following steps will
be necessary: i) more advanced calculations of the QE
single-nucleon knock-out contribution using up-to-date
nuclear theory and validated by experimental QE data;
ii) advanced calculations of the QE two-nucleon knock-
out that is the main contribution to �NS , which should
also be confronted with the experimental data; iii) new
computations of the contributions to �NS from low-lying
nuclear states that directly incorporate the dynamics re-
sponsible for the observed quenching of spin-flip transi-
tions; iv) computations that include nuclear shadowing
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Decay ✏1 (MeV) ✏2 (MeV) ✏ (MeV)
10
C !10

B 6.70 4.79 5.67
14
O !14

N 8.24 5.41 6.68
18
Ne !18

F 8.11 4.71 6.18
22
Mg !22

Na 10.41 6.28 8.09
26
Si !26

Al 11.14 6.30 8.38
30
S !30

P 10.64 5.18 7.42
34
Ar !34

Cl 11.51 5.44 7.91
38
Ca !38

K 11.94 5.33 7.98
42
T i !42

Sc 11.57 4.55 7.25
26m

Al !26
Mg 11.09 6.86 8.72

34
Cl !34

S 11.42 5.92 8.22
38m

K !38
Ar 11.84 5.79 8.28

42
Sc !42

Ca 11.48 5.05 7.61
46
V !46

T i 13.19 6.14 9.00
50
Mn !50

Cr 13.00 5.37 8.35
54
Co !54

Fe 13.38 5.13 8.28
62
Ga !62

Zn 12.90 3.72 6.94
66
As !66

Ge 12.74 3.16 6.34
70
Br !70

Se 13.17 3.20 6.49
74
Rb !74

Kr 13.85 3.44 6.90

TABLE I: E↵ective removal energy ✏ as calculated from the
initial and final nucleus removal energies ✏2,1 for all superal-
lowed � decays listed in Ref. [5].

so does the ⌫ integration since ⌫ = Q2/(2M). In nu-
clei, binding e↵ects shift that threshold to a finite value
⌫ = Q2/(2MA)+✏. Pauli blocking provides an additional
source of reduction. Indeed, Ref. [30] observed the anal-
ogous e↵ect of Pauli blocking upon the �Z-box contribu-
tion to parity violation in heavy atoms. We checked that
in the limit ✏, kF ! 0 we recover the Born contribution
on a free nucleon.

For a meaningful comparison with Refs. [44, 50], we
extract the average of their estimates for 20 decays,

[q(0)S qA � 1]CB = �0.25(6) and notice a significantly
larger magnitude of the nuclear modification in our ap-
proach. This means that retaining all other nuclear cor-
rections in Ref. [5], the universal Ft value should be
corrected by

↵

⇡
(CQE � q(0)S qACB) = �(5.1± 3.2)⇥ 10�4,

(75)

leading to a new estimate

Ft = 3072.07(63)s ! [Ft]new = 3070.50(63)(98)s, (76)

with the second uncertainty stemming from that of the
QE contribution.

This shift in the Ft value partially cancels the large
shift in the value of Vud that followed from the new dis-

persion evaluation of �V
R in the previous Section,

|V new

ud | = 0.97370(14) ! |V new, QE

ud | = 0.97395(14)(16) .

(77)

The corresponding change in the test of first-row CKM
unitarity reads

|Vud|
2 + |Vus|

2 + |Vub|
2 = 0.9984± 0.0004 (78)

! |Vud|
2 + |Vus|

2 + |Vub|
2 = 0.9989± 0.0005.

The result in Eq. (78) is 2.2 standard deviation away
from exact unitarity and within one standard deviation
from the current PDG value, |Vud|

2 + |Vus|
2 + |Vub|

2 =
0.9994± 0.0005.
We can relate this new result for the Ft value with the

observation made in Ref. [37] for the free neutron decay.
While the lifetime and the axial charge individually are
not very precisely known at present, a combination of
them ⌧n(1 + 3�2) forms a constant which is independent
of the uncertainty in �R,�V

R :

⌧n(1 + 3�2) ⇡ 1.70865
1 +�V

R

1 +�R
Ft = constant. (79)

The constant depends on nuclear-structure e↵ects via
the Ft value: while Ref. [37] obtains constant =
5172.0(1.1)s based on the analysis of Ref. [5], our evalu-
ation of the QE contribution shifts this value to a lower
value 5169.7(1.2)s.
As mentioned above, we consider this new dispersion

relation-based estimate of the quasielastic nuclear cor-
rection as exploratory since it is based on a simple free
Fermi gas model and is not yet directly validated by ex-
perimental data. This motivated us to assign a generous
30% model uncertainty to the quasielastic result. A fu-
ture evaluation that will use a more sophisticated model
of quasielastic nuclear response will certainly decrease
this uncertainty while also being able to address the de-
pendence of this correction on the final nucleus charge
Z. We postpone this calculation to a future work. With
these reservations, we believe that our new evaluation of
the “quenched Born contribution” is much better justi-
fied, as compared to the earlier approach of Ref. [44] used
in computing �NS . The dispersion relation approach also
provides the basis for a unification of the universal correc-
tion �V

R and the nuclear structure-dependent correction
�NS within the same framework. To further advance the
evaluation of these corrections, the following steps will
be necessary: i) more advanced calculations of the QE
single-nucleon knock-out contribution using up-to-date
nuclear theory and validated by experimental QE data;
ii) advanced calculations of the QE two-nucleon knock-
out that is the main contribution to �NS , which should
also be confronted with the experimental data; iii) new
computations of the contributions to �NS from low-lying
nuclear states that directly incorporate the dynamics re-
sponsible for the observed quenching of spin-flip transi-
tions; iv) computations that include nuclear shadowing
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Decay ✏1 (MeV) ✏2 (MeV) ✏ (MeV)
10
C !10

B 6.70 4.79 5.67
14
O !14

N 8.24 5.41 6.68
18
Ne !18

F 8.11 4.71 6.18
22
Mg !22

Na 10.41 6.28 8.09
26
Si !26

Al 11.14 6.30 8.38
30
S !30

P 10.64 5.18 7.42
34
Ar !34

Cl 11.51 5.44 7.91
38
Ca !38

K 11.94 5.33 7.98
42
T i !42

Sc 11.57 4.55 7.25
26m

Al !26
Mg 11.09 6.86 8.72

34
Cl !34

S 11.42 5.92 8.22
38m

K !38
Ar 11.84 5.79 8.28

42
Sc !42

Ca 11.48 5.05 7.61
46
V !46

T i 13.19 6.14 9.00
50
Mn !50

Cr 13.00 5.37 8.35
54
Co !54

Fe 13.38 5.13 8.28
62
Ga !62

Zn 12.90 3.72 6.94
66
As !66

Ge 12.74 3.16 6.34
70
Br !70

Se 13.17 3.20 6.49
74
Rb !74

Kr 13.85 3.44 6.90

TABLE I: E↵ective removal energy ✏ as calculated from the
initial and final nucleus removal energies ✏2,1 for all superal-
lowed � decays listed in Ref. [5].

so does the ⌫ integration since ⌫ = Q2/(2M). In nu-
clei, binding e↵ects shift that threshold to a finite value
⌫ = Q2/(2MA)+✏. Pauli blocking provides an additional
source of reduction. Indeed, Ref. [30] observed the anal-
ogous e↵ect of Pauli blocking upon the �Z-box contribu-
tion to parity violation in heavy atoms. We checked that
in the limit ✏, kF ! 0 we recover the Born contribution
on a free nucleon.

For a meaningful comparison with Refs. [44, 50], we
extract the average of their estimates for 20 decays,

[q(0)S qA � 1]CB = �0.25(6) and notice a significantly
larger magnitude of the nuclear modification in our ap-
proach. This means that retaining all other nuclear cor-
rections in Ref. [5], the universal Ft value should be
corrected by

↵

⇡
(CQE � q(0)S qACB) = �(5.1± 3.2)⇥ 10�4,

(75)

leading to a new estimate

Ft = 3072.07(63)s ! [Ft]new = 3070.50(63)(98)s, (76)

with the second uncertainty stemming from that of the
QE contribution.

This shift in the Ft value partially cancels the large
shift in the value of Vud that followed from the new dis-

persion evaluation of �V
R in the previous Section,

|V new

ud | = 0.97370(14) ! |V new, QE

ud | = 0.97395(14)(16) .

(77)

The corresponding change in the test of first-row CKM
unitarity reads

|Vud|
2 + |Vus|

2 + |Vub|
2 = 0.9984± 0.0004 (78)

! |Vud|
2 + |Vus|

2 + |Vub|
2 = 0.9989± 0.0005.

The result in Eq. (78) is 2.2 standard deviation away
from exact unitarity and within one standard deviation
from the current PDG value, |Vud|

2 + |Vus|
2 + |Vub|

2 =
0.9994± 0.0005.
We can relate this new result for the Ft value with the

observation made in Ref. [37] for the free neutron decay.
While the lifetime and the axial charge individually are
not very precisely known at present, a combination of
them ⌧n(1 + 3�2) forms a constant which is independent
of the uncertainty in �R,�V

R :

⌧n(1 + 3�2) ⇡ 1.70865
1 +�V

R

1 +�R
Ft = constant. (79)

The constant depends on nuclear-structure e↵ects via
the Ft value: while Ref. [37] obtains constant =
5172.0(1.1)s based on the analysis of Ref. [5], our evalu-
ation of the QE contribution shifts this value to a lower
value 5169.7(1.2)s.
As mentioned above, we consider this new dispersion

relation-based estimate of the quasielastic nuclear cor-
rection as exploratory since it is based on a simple free
Fermi gas model and is not yet directly validated by ex-
perimental data. This motivated us to assign a generous
30% model uncertainty to the quasielastic result. A fu-
ture evaluation that will use a more sophisticated model
of quasielastic nuclear response will certainly decrease
this uncertainty while also being able to address the de-
pendence of this correction on the final nucleus charge
Z. We postpone this calculation to a future work. With
these reservations, we believe that our new evaluation of
the “quenched Born contribution” is much better justi-
fied, as compared to the earlier approach of Ref. [44] used
in computing �NS . The dispersion relation approach also
provides the basis for a unification of the universal correc-
tion �V

R and the nuclear structure-dependent correction
�NS within the same framework. To further advance the
evaluation of these corrections, the following steps will
be necessary: i) more advanced calculations of the QE
single-nucleon knock-out contribution using up-to-date
nuclear theory and validated by experimental QE data;
ii) advanced calculations of the QE two-nucleon knock-
out that is the main contribution to �NS , which should
also be confronted with the experimental data; iii) new
computations of the contributions to �NS from low-lying
nuclear states that directly incorporate the dynamics re-
sponsible for the observed quenching of spin-flip transi-
tions; iv) computations that include nuclear shadowing

and 1 sigma away from the PDG: 0.9994 ± 0.0005


