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masses. Hence, the allowed approximation is valid, qR ≪ 1,
and only the Gamow-Teller operator στ+ and only the 1+

virtual intermediate states, contribute. On the other hand, in
the 0νββ decay the momentum transfer is of the order of the
nucleon Fermi momentum q ∼ 200 MeV, qR ! 1, and all
J π virtual intermediate states can contribute significantly. Our
discussion here sheds more light on the different behavior of
the 0νββ and 2νββ matrix elements.

It is worthwhile to remember another type of relation,
explored in the classic article by Pontecorvo [11]. At that
time the available information on ββ decay was based on the
geochemical determination of the total decay rate, 1/τtot =
1/τ0ν + 1/τ2ν . Since these two modes scale very differently
with Q (∼Q5 for 0ν and ∼Q11 for 2ν) Pontecorvo suggested
that comparing the total lifetimes of two isotopes, 130Te and
128Te, which have very different Q values, might reveal the
presence of the lepton number violating 0ν decay, provided
the nuclear matrix elements of these two isotopes are identical.
While the matrix elements of these two isotopes are indeed
rather close, they are not quite the same. Moreover, we know
today that the 0ν decay rate is very much smaller, if it is indeed
nonvanishing, than the 2ν decay rate.

The present article is structured as follows. In the next
section we describe the formalism that leads to the relation
between the Gamow-Teller part of the 0νββ matrix ele-
ment and the 2νββ matrix element evaluated in the closure
approximation. We also discuss the validity of the closure
approximation in the 0νββ case. In the following section we
discuss this novel relation in more detail and show numerous
examples. In Sec. IV we briefly discuss the issue of quenching
of the axial current matrix elements. While closure is a rather
poor approximation in the 2νββ case, we argue in Sec. V
that combining the known lifetimes with the often measured
distribution of the β− and β+ strengths constrains the M2ν

cl
values substantially. We believe that the relation found here
allows one to better understand the different behavior of these
matrix elements. We conclude in the last section.

II. FORMALISM

Assuming that the 0νββ decay is caused by the exchange
of the light Majorana neutrinos, the half-life and the nuclear
matrix element are related through

1
T1/2

= G0ν(Q,Z)|M0ν |2|⟨mββ⟩|2, (1)

where G0ν(Q,Z) is the easily calculable phase-space factor,
⟨mββ⟩ is the effective neutrino Majorana mass whose determi-
nation is the ultimate goal of the experiments, and M0ν is the
nuclear matrix element consisting of Gamow-Teller, Fermi,
and tensor parts,

M0ν = M0ν
GT − M0ν

F

g2
A

+ M0ν
T ≡ M0ν

GT(1 + χF + χT ), (2)

where χF and χT are the matrix element ratios that are smaller
than unity and, presumably, less dependent on the details of
the applied nuclear model. In the following we concetrate
on the GT part, M0ν

GT, which can be somewhat symbolically

written as

M0ν
GT = ⟨f |'lkσl · σkτ

+
l τ+

k H (rlk, Ē)|i⟩, (3)

where H (rlk, Ē) is the neutrino potential described in detail
below and rlk is the relative distance between the two neutrons
that are trasformed in the decay into the two protons.

In Ref. [4], based on the QRPA, as well as in Ref. [7] based
on the nuclear shell model, the function C0ν(r) that describes
the dependence of the M0ν on the distance rlk was introduced.
Formally, this function can be defined as [12]

C0ν
GT(r) = ⟨f |'lkσl · σkτ

+
l τ+

k δ(r − rlk)H (rlk, Ē)|i⟩, (4)

where δ(x) is the Dirac delta function. Obviously, this function
is normalized by

M0ν
GT =

∫ ∞

0
C0ν

GT(r) dr, (5)

and has the dimension lenght−1. The shape of C0ν
GT(r) is very

similar in both QRPA and NSM and in all cases consists of a
peak with maximum at r ∼ 1 fm ending near r ∼ 2.5 fm and
of very little contributions for larger values of r .

Now lets turn to the case of the 2ν decay mode. The matrix
element M2ν governing the 2νββ decay mode is of the form

M2ν = 'm

⟨f ||στ+||m⟩⟨m||στ+||i⟩
Em − (Mi + Mf )/2

, (6)

where the sumation extends over all 1+ virtual intermediate
states. We can introduce also the closure analog of M2ν ,
denoted by M2ν

cl , by replacing the energies Em by a properly
defined average value Ē2ν . Thus,

M2ν
cl ≡ ⟨f |'lkσl · σkτ

+
l τ+

k |i⟩,
(7)

M2ν
cl = M2ν × (Ē2ν − (Mi + Mf )/2).

In analogy with Eq. (4) we can define the new function

C2ν
cl (r) = ⟨f |'lkσl · σkδ(r − rlk)τ+

l τ+
k |i⟩,

(8)
M2ν

cl =
∫ ∞

0
C2ν

cl (r) dr.

While the matrix elements M2ν and M2ν
cl get contributions

only from the 1+ intermediate states, the function C2ν
cl gets

contributions from all intermediate multipoles. This is the
consequence of the δ function in the definition of C2ν

cl (r). When
expanded, all multipoles contribute. Naturally, when integrated
over r only the contributions from the 1+ are nonvanishing. An
example of the multipole decomposition of C2ν

cl (r) is shown in
Fig. 1, and in Fig. 2 we show the functions C2ν

cl (r) for a variety
of ββ decaying nuclei.

For completeness we show here the QRPA formula used
for the evaluation of the function C2ν

cl (r) and its multipole
decomposition depicted in Fig. 1. First, the function

f J
n,n′,p,p′ (r)

= ⟨p(1), p′(2)(r);J ∥ σ1 · σ2 ∥ n(1), n′(2)(r);J ⟩ (9)

is introduced where r is the relative distance between the
neutrons in the states n and n′, respectively, protons in p
and p′. Then, the part of C2ν

cl (r) with the multipolarity J π is
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only from the 1+ intermediate states, the function C2ν
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contributions from all intermediate multipoles. This is the
consequence of the δ function in the definition of C2ν

cl (r). When
expanded, all multipoles contribute. Naturally, when integrated
over r only the contributions from the 1+ are nonvanishing. An
example of the multipole decomposition of C2ν

cl (r) is shown in
Fig. 1, and in Fig. 2 we show the functions C2ν

cl (r) for a variety
of ββ decaying nuclei.

For completeness we show here the QRPA formula used
for the evaluation of the function C2ν

cl (r) and its multipole
decomposition depicted in Fig. 1. First, the function

f J
n,n′,p,p′ (r)

= ⟨p(1), p′(2)(r);J ∥ σ1 · σ2 ∥ n(1), n′(2)(r);J ⟩ (9)

is introduced where r is the relative distance between the
neutrons in the states n and n′, respectively, protons in p
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then
1

T1/2
= G0ν(E0, Z)|M0ν |2|⟨mββ⟩|2, (1)

where G0ν(E0, Z) is a precisely calculable phase-space factor
and M0ν is the nuclear matrix element. The effective Majorana
neutrino mass ⟨mββ⟩ is related to the absolute mass scale and
oscillation parameters through

⟨mββ⟩ =
N∑

i

|Uei |2eiαi mi, (all mi ! 0), (2)

where Uei is the first row of the neutrino mixing matrix and
the αi are unknown Majorana phases. Any uncertainty in M0ν

makes the value of ⟨mββ⟩ equally uncertain.
As stated above, we use the QRPA and RQRPA methods

based on the G matrix derived from the realistic Bonn-CD
nucleon-nucleon force, i.e., the many body Hamiltonian is

H =
A∑

i=1

p2
i

2mp

+ 1
2

A∑

i,j=1

VG-matrix(i, j ). (3)

We describe in detail in Sec. V below the input used to solve
the corresponding well-known equations of motion.

In the QRPA (and RQRPA) M0ν is written as a sum over the
virtual intermediate states, labeled by their angular momentum
and parity J π and indices ki and kf (explanations of the
notation are in Appendix A, and in Ref. II):

MK =
∑

J π ,ki ,kf ,J

∑

pnp′n′

(−1)jn+jp′+J+J √
2J + 1

{
jp jn J

jn′ jp′ J

}

×⟨p(1), p′(2);J ∥f̄ (r12)OKf̄ (r12)∥n(1), n′(2);J ⟩
× ⟨0+

f ||[ ˜c+
p′ c̃n′ ]J ||J πkf ⟩⟨J πkf |J πki⟩

× ⟨J πki ||[c+
p c̃n]J ||0+

i ⟩. (4)

The operators OK,K = Fermi (F), Gamow-Teller (GT), and
Tensor (T) contain neutrino potentials and spin and isospin
operators, and RPA energies E

ki,kf

J π . The neutrino potentials, in
turn, are integrals over the exchanged momentum q,

HK

(
r12, E

k
J π

)

= 2
πg2

A

R

∫ ∞

0
fK (qr12)

hK (q2)qdq

q + Ek
J π − (Ei + Ef )/2

. (5)

The functions fF,GT(qr12) = j0(qr12) and fT (qr12) = j2(qr12)
are spherical Bessel functions (the sign of j2 was given
incorrectly in Ref. [14]). The functions hK (q2) are defined
in Appendix A and in Ref.II. The potentials depend explicitly,
though rather weakly, on the energies of the virtual intermedi-
ate states, Ek

J π . The function f̄ (r12) in Eq. (4) represents the
effects of short-range correlations. These will be discussed in
detail in Sec. IV.

Two separate multipole decompositions are built into
Eq. (4). One, already mentioned, is in terms the J π of the
virtual states in the intermediate nucleus, the good quantum
numbers of the QRPA and RQRPA. The other decomposition
is based on the angular momenta and parities J π of the pairs
of neutrons that are transformed into protons with the same

J π (we drop the superscript π from now on for convenience).
This latter representation is particularly revealing. In Fig. 1
we illustrate it both in the LSSM and QRPA, with the same
single particle-spaces in each. These two rather different
approaches agree in a semiquantitative way, but the LSSM
entries for J > 0 are systematically smaller in absolute
value.

Reference [15] makes the claim that QRPA results are too
large because they omit configurations with seniority greater
than 4, which are especially effective in canceling the pairing
part of the matrix element. This statement is not correct. The
QRPA does include configurations with higher seniority (4, 8,
12, etc.) and, as Fig. 1 shows, the broken pair contributions
to the matrix elements are as large or larger than in the
LSSM. (Some of the difference might be due to differences in
single-particle energies and occupation numbers, which are not
identical in the two calculations even though the single-particle

FIG. 1. Contributions of different angular momenta J associated
with the two decaying neutrons to the Gamow-Teller part of M0ν

in 82Se (upper panel) and 130Te (lower panel). The results of LSSM
(dark histogram) [23] and QRPA treatments (lighter histogram) are
compared. Both calculations use the same single-particle spaces:
(f5/2, p3/2, p1/2, g9/2) for 82Se and (g7/2, d5/2, d3/2, s1/2, h11/2) for
130Te. In the QRPA calculation the particle-particle interaction was
adjusted to reproduce the experimental 2νββ-decay rate.
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propagator is 
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130Te. In the QRPA calculation the particle-particle interaction was
adjusted to reproduce the experimental 2νββ-decay rate.

045503-2

Where fGT(qr) = j0(qr) and hGT = gA/(1 + q2/MA
2)2 is the nuclear 

axial current form factor, MA ~ 1 GeV. 



fns….nucleon finite size 
hot…higher order terms 
        in weak currents 

As we will see, the neutrino momentum is ~200 MeV so the 
dependence on the nuclear excitation energy is weak. The potential 
H(r,E) looks like a Coulomb 1/r radial dependence. Finite size 
and higher order currents remove the singularity at r=0. 
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FIG. 3. (Color online) The potential HGT(r, Ē). Different approx-
imate forms, as well as the exact one, are shown.

full potential, Eq. (12), however, is finite at r = 0, H (r → 0,
Ē0ν = 0) = 5MAR/16. Including the higher-order currents
and finite Ē in Eq. (12) increases the value of H (r = 0)
by ∼30%.

B. Validity of the closure approximation
for the 0νββ matrix element

The closure approximation, i.e., the replacement of the
summation over the virtual intermediate states by matrix
element of a two-body operator, is typically used in the
evaluation of the M0ν . It is worthwhile to test the validity of
this approximation. Such a test can be conveniently performed
within the QRPA, where the sum over the intermediate states
can be easily carried out. In fact, the calculations performed in
Refs. [2–4] do not use closure. In this context one can ask two
questions: How good is the closure approximation? And what
is the value of the corresponding average energy? In Fig. 4

0 2 4 6 8 10 12
E [MeV]

2

3

4

5

6

M
0ν cl

76
Ge

96
Zr

100
Mo

130
Te

FIG. 4. (Color online) Matrix elements M0ν for the indicated
nuclei evaluated in the closure approximation as a function of the
assumed average excitation energy. The values of M0ν obtained
without the closure approximation are 5.24 (76Ge), 2.62 (96Zr),
4.99 (100Mo), and 4.07 (130Te).

we illustrate the answers to these questions. The exact QRPA
matrix elements shown in the caption can be compared with
the curves obtained by replacing all intermediate energies with
a constant Ē, which is varied there between 0 and 12 MeV.
One can see, first, that the M0ν changes modestly, by less than
10% when Ē is varied and, at the same time, that the exact
results are quite close, but somewhat larger, than the closure
ones. Thus, using the closure approximation is appropriate for
the evaluation of M0ν even though it slightly underestimates
the M0ν values. However, the corresponding uncertainty is not
more than the other uncertainties involved. We compare the
QRPA exact and closure M0ν for all nuclei of interest in the
next section.

III. RESULTS AND DISCUSSION

We evaluated the nuclear matrix elements (NME) M0ν
GT

and M0ν with and without closure approximation using the
QRPA.

For all nuclear systems the single-particle model space
consisted of 0 − 5h̄ω oscillator shells plus 0i11/2 and 0i13/2
levels both for protons and neutrons (23 single-particle states).
The single-particle energies were obtained from the Coulomb-
corrected Woods-Saxon potential. Two-body interaction G-
matrix elements were derived from the Argonne V18 one-
boson exchange potential within the Brueckner theory. The
pairing interaction was adjusted to fit the empirical pairing
gaps [16]. The particle-particle and particle-hole channels
of the G-matrix interaction of the nuclear Hamiltonian H
were renormalized by introducing the parameters gpp and
gph, respectively. While gph = 1.0 was used throughout, the
particle-particle strength parameter gpp was fixed by the data
on the two-neutrino double β-decay rates [2–4] for each
nucleus separately. In the calculation of the 0νββ-decay NMEs
the two-nucleon short-range correlations derived from same
potential as residual interactions, namely from the Argonne
potential [15], were applied. The unquenched value of the
axial current coupling constant, gA = 1.269, was used here.
The modifications caused by the quenching of the weak axial
current are discussed in the following two sections.

On the other hand, the absolute values of M2ν
exp were deduced

from the averaged values of 2νββ-decay half-lives of Ref. [17].
In Table I we show both the calculated 0νββ NMEs evaluated
with and without the closure approximation, as well as only
the GT parts of their values. Also shown are the experimental
2νββ-decay NMEs. Using the QRPA method the closure
matrix elements M2ν

cl were also evaluated. One can see that
the spread among the candidate nuclei of the 2νββ NMEs
is significatly larger when compared with the spread of the
calculated 0νββ-decay NMEs. The table also demonstrates
that using the closure approximation for evaluation of M0ν

makes relatively little difference and that the GT part of M0ν

is dominant in all considered nuclei.
The values of M0ν in Table I might be compared with the

corresponding entries in Table II of Ref. [15]. There are small
differences between them caused by several changes made in
the present work. We use now the updated values of T 2ν

1/2 of
Ref. [17] and the more realistic gA = 1.269 instead of 1.25. In

015502-4
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masses. Hence, the allowed approximation is valid, qR ≪ 1,
and only the Gamow-Teller operator στ+ and only the 1+

virtual intermediate states, contribute. On the other hand, in
the 0νββ decay the momentum transfer is of the order of the
nucleon Fermi momentum q ∼ 200 MeV, qR ! 1, and all
J π virtual intermediate states can contribute significantly. Our
discussion here sheds more light on the different behavior of
the 0νββ and 2νββ matrix elements.

It is worthwhile to remember another type of relation,
explored in the classic article by Pontecorvo [11]. At that
time the available information on ββ decay was based on the
geochemical determination of the total decay rate, 1/τtot =
1/τ0ν + 1/τ2ν . Since these two modes scale very differently
with Q (∼Q5 for 0ν and ∼Q11 for 2ν) Pontecorvo suggested
that comparing the total lifetimes of two isotopes, 130Te and
128Te, which have very different Q values, might reveal the
presence of the lepton number violating 0ν decay, provided
the nuclear matrix elements of these two isotopes are identical.
While the matrix elements of these two isotopes are indeed
rather close, they are not quite the same. Moreover, we know
today that the 0ν decay rate is very much smaller, if it is indeed
nonvanishing, than the 2ν decay rate.

The present article is structured as follows. In the next
section we describe the formalism that leads to the relation
between the Gamow-Teller part of the 0νββ matrix ele-
ment and the 2νββ matrix element evaluated in the closure
approximation. We also discuss the validity of the closure
approximation in the 0νββ case. In the following section we
discuss this novel relation in more detail and show numerous
examples. In Sec. IV we briefly discuss the issue of quenching
of the axial current matrix elements. While closure is a rather
poor approximation in the 2νββ case, we argue in Sec. V
that combining the known lifetimes with the often measured
distribution of the β− and β+ strengths constrains the M2ν

cl
values substantially. We believe that the relation found here
allows one to better understand the different behavior of these
matrix elements. We conclude in the last section.

II. FORMALISM

Assuming that the 0νββ decay is caused by the exchange
of the light Majorana neutrinos, the half-life and the nuclear
matrix element are related through

1
T1/2

= G0ν(Q,Z)|M0ν |2|⟨mββ⟩|2, (1)

where G0ν(Q,Z) is the easily calculable phase-space factor,
⟨mββ⟩ is the effective neutrino Majorana mass whose determi-
nation is the ultimate goal of the experiments, and M0ν is the
nuclear matrix element consisting of Gamow-Teller, Fermi,
and tensor parts,

M0ν = M0ν
GT − M0ν

F

g2
A

+ M0ν
T ≡ M0ν

GT(1 + χF + χT ), (2)

where χF and χT are the matrix element ratios that are smaller
than unity and, presumably, less dependent on the details of
the applied nuclear model. In the following we concetrate
on the GT part, M0ν

GT, which can be somewhat symbolically

written as

M0ν
GT = ⟨f |'lkσl · σkτ

+
l τ+

k H (rlk, Ē)|i⟩, (3)

where H (rlk, Ē) is the neutrino potential described in detail
below and rlk is the relative distance between the two neutrons
that are trasformed in the decay into the two protons.

In Ref. [4], based on the QRPA, as well as in Ref. [7] based
on the nuclear shell model, the function C0ν(r) that describes
the dependence of the M0ν on the distance rlk was introduced.
Formally, this function can be defined as [12]

C0ν
GT(r) = ⟨f |'lkσl · σkτ

+
l τ+

k δ(r − rlk)H (rlk, Ē)|i⟩, (4)

where δ(x) is the Dirac delta function. Obviously, this function
is normalized by

M0ν
GT =

∫ ∞

0
C0ν

GT(r) dr, (5)

and has the dimension lenght−1. The shape of C0ν
GT(r) is very

similar in both QRPA and NSM and in all cases consists of a
peak with maximum at r ∼ 1 fm ending near r ∼ 2.5 fm and
of very little contributions for larger values of r .

Now lets turn to the case of the 2ν decay mode. The matrix
element M2ν governing the 2νββ decay mode is of the form

M2ν = 'm

⟨f ||στ+||m⟩⟨m||στ+||i⟩
Em − (Mi + Mf )/2

, (6)

where the sumation extends over all 1+ virtual intermediate
states. We can introduce also the closure analog of M2ν ,
denoted by M2ν

cl , by replacing the energies Em by a properly
defined average value Ē2ν . Thus,

M2ν
cl ≡ ⟨f |'lkσl · σkτ

+
l τ+

k |i⟩,
(7)

M2ν
cl = M2ν × (Ē2ν − (Mi + Mf )/2).

In analogy with Eq. (4) we can define the new function

C2ν
cl (r) = ⟨f |'lkσl · σkδ(r − rlk)τ+

l τ+
k |i⟩,

(8)
M2ν

cl =
∫ ∞

0
C2ν

cl (r) dr.

While the matrix elements M2ν and M2ν
cl get contributions

only from the 1+ intermediate states, the function C2ν
cl gets

contributions from all intermediate multipoles. This is the
consequence of the δ function in the definition of C2ν

cl (r). When
expanded, all multipoles contribute. Naturally, when integrated
over r only the contributions from the 1+ are nonvanishing. An
example of the multipole decomposition of C2ν

cl (r) is shown in
Fig. 1, and in Fig. 2 we show the functions C2ν

cl (r) for a variety
of ββ decaying nuclei.

For completeness we show here the QRPA formula used
for the evaluation of the function C2ν

cl (r) and its multipole
decomposition depicted in Fig. 1. First, the function

f J
n,n′,p,p′ (r)

= ⟨p(1), p′(2)(r);J ∥ σ1 · σ2 ∥ n(1), n′(2)(r);J ⟩ (9)

is introduced where r is the relative distance between the
neutrons in the states n and n′, respectively, protons in p
and p′. Then, the part of C2ν

cl (r) with the multipolarity J π is
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masses. Hence, the allowed approximation is valid, qR ≪ 1,
and only the Gamow-Teller operator στ+ and only the 1+

virtual intermediate states, contribute. On the other hand, in
the 0νββ decay the momentum transfer is of the order of the
nucleon Fermi momentum q ∼ 200 MeV, qR ! 1, and all
J π virtual intermediate states can contribute significantly. Our
discussion here sheds more light on the different behavior of
the 0νββ and 2νββ matrix elements.

It is worthwhile to remember another type of relation,
explored in the classic article by Pontecorvo [11]. At that
time the available information on ββ decay was based on the
geochemical determination of the total decay rate, 1/τtot =
1/τ0ν + 1/τ2ν . Since these two modes scale very differently
with Q (∼Q5 for 0ν and ∼Q11 for 2ν) Pontecorvo suggested
that comparing the total lifetimes of two isotopes, 130Te and
128Te, which have very different Q values, might reveal the
presence of the lepton number violating 0ν decay, provided
the nuclear matrix elements of these two isotopes are identical.
While the matrix elements of these two isotopes are indeed
rather close, they are not quite the same. Moreover, we know
today that the 0ν decay rate is very much smaller, if it is indeed
nonvanishing, than the 2ν decay rate.

The present article is structured as follows. In the next
section we describe the formalism that leads to the relation
between the Gamow-Teller part of the 0νββ matrix ele-
ment and the 2νββ matrix element evaluated in the closure
approximation. We also discuss the validity of the closure
approximation in the 0νββ case. In the following section we
discuss this novel relation in more detail and show numerous
examples. In Sec. IV we briefly discuss the issue of quenching
of the axial current matrix elements. While closure is a rather
poor approximation in the 2νββ case, we argue in Sec. V
that combining the known lifetimes with the often measured
distribution of the β− and β+ strengths constrains the M2ν

cl
values substantially. We believe that the relation found here
allows one to better understand the different behavior of these
matrix elements. We conclude in the last section.

II. FORMALISM

Assuming that the 0νββ decay is caused by the exchange
of the light Majorana neutrinos, the half-life and the nuclear
matrix element are related through

1
T1/2

= G0ν(Q,Z)|M0ν |2|⟨mββ⟩|2, (1)

where G0ν(Q,Z) is the easily calculable phase-space factor,
⟨mββ⟩ is the effective neutrino Majorana mass whose determi-
nation is the ultimate goal of the experiments, and M0ν is the
nuclear matrix element consisting of Gamow-Teller, Fermi,
and tensor parts,

M0ν = M0ν
GT − M0ν

F

g2
A

+ M0ν
T ≡ M0ν

GT(1 + χF + χT ), (2)

where χF and χT are the matrix element ratios that are smaller
than unity and, presumably, less dependent on the details of
the applied nuclear model. In the following we concetrate
on the GT part, M0ν

GT, which can be somewhat symbolically

written as

M0ν
GT = ⟨f |'lkσl · σkτ

+
l τ+

k H (rlk, Ē)|i⟩, (3)

where H (rlk, Ē) is the neutrino potential described in detail
below and rlk is the relative distance between the two neutrons
that are trasformed in the decay into the two protons.

In Ref. [4], based on the QRPA, as well as in Ref. [7] based
on the nuclear shell model, the function C0ν(r) that describes
the dependence of the M0ν on the distance rlk was introduced.
Formally, this function can be defined as [12]

C0ν
GT(r) = ⟨f |'lkσl · σkτ

+
l τ+

k δ(r − rlk)H (rlk, Ē)|i⟩, (4)

where δ(x) is the Dirac delta function. Obviously, this function
is normalized by

M0ν
GT =

∫ ∞

0
C0ν

GT(r) dr, (5)

and has the dimension lenght−1. The shape of C0ν
GT(r) is very

similar in both QRPA and NSM and in all cases consists of a
peak with maximum at r ∼ 1 fm ending near r ∼ 2.5 fm and
of very little contributions for larger values of r .

Now lets turn to the case of the 2ν decay mode. The matrix
element M2ν governing the 2νββ decay mode is of the form

M2ν = 'm

⟨f ||στ+||m⟩⟨m||στ+||i⟩
Em − (Mi + Mf )/2

, (6)

where the sumation extends over all 1+ virtual intermediate
states. We can introduce also the closure analog of M2ν ,
denoted by M2ν

cl , by replacing the energies Em by a properly
defined average value Ē2ν . Thus,

M2ν
cl ≡ ⟨f |'lkσl · σkτ

+
l τ+

k |i⟩,
(7)

M2ν
cl = M2ν × (Ē2ν − (Mi + Mf )/2).

In analogy with Eq. (4) we can define the new function

C2ν
cl (r) = ⟨f |'lkσl · σkδ(r − rlk)τ+

l τ+
k |i⟩,

(8)
M2ν

cl =
∫ ∞

0
C2ν

cl (r) dr.

While the matrix elements M2ν and M2ν
cl get contributions

only from the 1+ intermediate states, the function C2ν
cl gets

contributions from all intermediate multipoles. This is the
consequence of the δ function in the definition of C2ν

cl (r). When
expanded, all multipoles contribute. Naturally, when integrated
over r only the contributions from the 1+ are nonvanishing. An
example of the multipole decomposition of C2ν

cl (r) is shown in
Fig. 1, and in Fig. 2 we show the functions C2ν

cl (r) for a variety
of ββ decaying nuclei.

For completeness we show here the QRPA formula used
for the evaluation of the function C2ν

cl (r) and its multipole
decomposition depicted in Fig. 1. First, the function

f J
n,n′,p,p′ (r)

= ⟨p(1), p′(2)(r);J ∥ σ1 · σ2 ∥ n(1), n′(2)(r);J ⟩ (9)

is introduced where r is the relative distance between the
neutrons in the states n and n′, respectively, protons in p
and p′. Then, the part of C2ν

cl (r) with the multipolarity J π is
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masses. Hence, the allowed approximation is valid, qR ≪ 1,
and only the Gamow-Teller operator στ+ and only the 1+

virtual intermediate states, contribute. On the other hand, in
the 0νββ decay the momentum transfer is of the order of the
nucleon Fermi momentum q ∼ 200 MeV, qR ! 1, and all
J π virtual intermediate states can contribute significantly. Our
discussion here sheds more light on the different behavior of
the 0νββ and 2νββ matrix elements.

It is worthwhile to remember another type of relation,
explored in the classic article by Pontecorvo [11]. At that
time the available information on ββ decay was based on the
geochemical determination of the total decay rate, 1/τtot =
1/τ0ν + 1/τ2ν . Since these two modes scale very differently
with Q (∼Q5 for 0ν and ∼Q11 for 2ν) Pontecorvo suggested
that comparing the total lifetimes of two isotopes, 130Te and
128Te, which have very different Q values, might reveal the
presence of the lepton number violating 0ν decay, provided
the nuclear matrix elements of these two isotopes are identical.
While the matrix elements of these two isotopes are indeed
rather close, they are not quite the same. Moreover, we know
today that the 0ν decay rate is very much smaller, if it is indeed
nonvanishing, than the 2ν decay rate.

The present article is structured as follows. In the next
section we describe the formalism that leads to the relation
between the Gamow-Teller part of the 0νββ matrix ele-
ment and the 2νββ matrix element evaluated in the closure
approximation. We also discuss the validity of the closure
approximation in the 0νββ case. In the following section we
discuss this novel relation in more detail and show numerous
examples. In Sec. IV we briefly discuss the issue of quenching
of the axial current matrix elements. While closure is a rather
poor approximation in the 2νββ case, we argue in Sec. V
that combining the known lifetimes with the often measured
distribution of the β− and β+ strengths constrains the M2ν

cl
values substantially. We believe that the relation found here
allows one to better understand the different behavior of these
matrix elements. We conclude in the last section.

II. FORMALISM

Assuming that the 0νββ decay is caused by the exchange
of the light Majorana neutrinos, the half-life and the nuclear
matrix element are related through

1
T1/2

= G0ν(Q,Z)|M0ν |2|⟨mββ⟩|2, (1)

where G0ν(Q,Z) is the easily calculable phase-space factor,
⟨mββ⟩ is the effective neutrino Majorana mass whose determi-
nation is the ultimate goal of the experiments, and M0ν is the
nuclear matrix element consisting of Gamow-Teller, Fermi,
and tensor parts,

M0ν = M0ν
GT − M0ν

F

g2
A

+ M0ν
T ≡ M0ν

GT(1 + χF + χT ), (2)

where χF and χT are the matrix element ratios that are smaller
than unity and, presumably, less dependent on the details of
the applied nuclear model. In the following we concetrate
on the GT part, M0ν

GT, which can be somewhat symbolically

written as

M0ν
GT = ⟨f |'lkσl · σkτ

+
l τ+

k H (rlk, Ē)|i⟩, (3)

where H (rlk, Ē) is the neutrino potential described in detail
below and rlk is the relative distance between the two neutrons
that are trasformed in the decay into the two protons.

In Ref. [4], based on the QRPA, as well as in Ref. [7] based
on the nuclear shell model, the function C0ν(r) that describes
the dependence of the M0ν on the distance rlk was introduced.
Formally, this function can be defined as [12]

C0ν
GT(r) = ⟨f |'lkσl · σkτ

+
l τ+

k δ(r − rlk)H (rlk, Ē)|i⟩, (4)

where δ(x) is the Dirac delta function. Obviously, this function
is normalized by

M0ν
GT =

∫ ∞

0
C0ν

GT(r) dr, (5)

and has the dimension lenght−1. The shape of C0ν
GT(r) is very

similar in both QRPA and NSM and in all cases consists of a
peak with maximum at r ∼ 1 fm ending near r ∼ 2.5 fm and
of very little contributions for larger values of r .

Now lets turn to the case of the 2ν decay mode. The matrix
element M2ν governing the 2νββ decay mode is of the form

M2ν = 'm

⟨f ||στ+||m⟩⟨m||στ+||i⟩
Em − (Mi + Mf )/2

, (6)

where the sumation extends over all 1+ virtual intermediate
states. We can introduce also the closure analog of M2ν ,
denoted by M2ν

cl , by replacing the energies Em by a properly
defined average value Ē2ν . Thus,

M2ν
cl ≡ ⟨f |'lkσl · σkτ

+
l τ+

k |i⟩,
(7)

M2ν
cl = M2ν × (Ē2ν − (Mi + Mf )/2).

In analogy with Eq. (4) we can define the new function

C2ν
cl (r) = ⟨f |'lkσl · σkδ(r − rlk)τ+

l τ+
k |i⟩,

(8)
M2ν

cl =
∫ ∞

0
C2ν

cl (r) dr.

While the matrix elements M2ν and M2ν
cl get contributions

only from the 1+ intermediate states, the function C2ν
cl gets

contributions from all intermediate multipoles. This is the
consequence of the δ function in the definition of C2ν

cl (r). When
expanded, all multipoles contribute. Naturally, when integrated
over r only the contributions from the 1+ are nonvanishing. An
example of the multipole decomposition of C2ν

cl (r) is shown in
Fig. 1, and in Fig. 2 we show the functions C2ν

cl (r) for a variety
of ββ decaying nuclei.

For completeness we show here the QRPA formula used
for the evaluation of the function C2ν

cl (r) and its multipole
decomposition depicted in Fig. 1. First, the function

f J
n,n′,p,p′ (r)

= ⟨p(1), p′(2)(r);J ∥ σ1 · σ2 ∥ n(1), n′(2)(r);J ⟩ (9)

is introduced where r is the relative distance between the
neutrons in the states n and n′, respectively, protons in p
and p′. Then, the part of C2ν

cl (r) with the multipolarity J π is
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masses. Hence, the allowed approximation is valid, qR ≪ 1,
and only the Gamow-Teller operator στ+ and only the 1+

virtual intermediate states, contribute. On the other hand, in
the 0νββ decay the momentum transfer is of the order of the
nucleon Fermi momentum q ∼ 200 MeV, qR ! 1, and all
J π virtual intermediate states can contribute significantly. Our
discussion here sheds more light on the different behavior of
the 0νββ and 2νββ matrix elements.

It is worthwhile to remember another type of relation,
explored in the classic article by Pontecorvo [11]. At that
time the available information on ββ decay was based on the
geochemical determination of the total decay rate, 1/τtot =
1/τ0ν + 1/τ2ν . Since these two modes scale very differently
with Q (∼Q5 for 0ν and ∼Q11 for 2ν) Pontecorvo suggested
that comparing the total lifetimes of two isotopes, 130Te and
128Te, which have very different Q values, might reveal the
presence of the lepton number violating 0ν decay, provided
the nuclear matrix elements of these two isotopes are identical.
While the matrix elements of these two isotopes are indeed
rather close, they are not quite the same. Moreover, we know
today that the 0ν decay rate is very much smaller, if it is indeed
nonvanishing, than the 2ν decay rate.

The present article is structured as follows. In the next
section we describe the formalism that leads to the relation
between the Gamow-Teller part of the 0νββ matrix ele-
ment and the 2νββ matrix element evaluated in the closure
approximation. We also discuss the validity of the closure
approximation in the 0νββ case. In the following section we
discuss this novel relation in more detail and show numerous
examples. In Sec. IV we briefly discuss the issue of quenching
of the axial current matrix elements. While closure is a rather
poor approximation in the 2νββ case, we argue in Sec. V
that combining the known lifetimes with the often measured
distribution of the β− and β+ strengths constrains the M2ν

cl
values substantially. We believe that the relation found here
allows one to better understand the different behavior of these
matrix elements. We conclude in the last section.

II. FORMALISM

Assuming that the 0νββ decay is caused by the exchange
of the light Majorana neutrinos, the half-life and the nuclear
matrix element are related through

1
T1/2

= G0ν(Q,Z)|M0ν |2|⟨mββ⟩|2, (1)

where G0ν(Q,Z) is the easily calculable phase-space factor,
⟨mββ⟩ is the effective neutrino Majorana mass whose determi-
nation is the ultimate goal of the experiments, and M0ν is the
nuclear matrix element consisting of Gamow-Teller, Fermi,
and tensor parts,

M0ν = M0ν
GT − M0ν

F

g2
A

+ M0ν
T ≡ M0ν

GT(1 + χF + χT ), (2)

where χF and χT are the matrix element ratios that are smaller
than unity and, presumably, less dependent on the details of
the applied nuclear model. In the following we concetrate
on the GT part, M0ν

GT, which can be somewhat symbolically

written as

M0ν
GT = ⟨f |'lkσl · σkτ

+
l τ+

k H (rlk, Ē)|i⟩, (3)

where H (rlk, Ē) is the neutrino potential described in detail
below and rlk is the relative distance between the two neutrons
that are trasformed in the decay into the two protons.

In Ref. [4], based on the QRPA, as well as in Ref. [7] based
on the nuclear shell model, the function C0ν(r) that describes
the dependence of the M0ν on the distance rlk was introduced.
Formally, this function can be defined as [12]

C0ν
GT(r) = ⟨f |'lkσl · σkτ

+
l τ+

k δ(r − rlk)H (rlk, Ē)|i⟩, (4)

where δ(x) is the Dirac delta function. Obviously, this function
is normalized by

M0ν
GT =

∫ ∞

0
C0ν

GT(r) dr, (5)

and has the dimension lenght−1. The shape of C0ν
GT(r) is very

similar in both QRPA and NSM and in all cases consists of a
peak with maximum at r ∼ 1 fm ending near r ∼ 2.5 fm and
of very little contributions for larger values of r .

Now lets turn to the case of the 2ν decay mode. The matrix
element M2ν governing the 2νββ decay mode is of the form

M2ν = 'm

⟨f ||στ+||m⟩⟨m||στ+||i⟩
Em − (Mi + Mf )/2

, (6)

where the sumation extends over all 1+ virtual intermediate
states. We can introduce also the closure analog of M2ν ,
denoted by M2ν

cl , by replacing the energies Em by a properly
defined average value Ē2ν . Thus,

M2ν
cl ≡ ⟨f |'lkσl · σkτ

+
l τ+

k |i⟩,
(7)

M2ν
cl = M2ν × (Ē2ν − (Mi + Mf )/2).

In analogy with Eq. (4) we can define the new function

C2ν
cl (r) = ⟨f |'lkσl · σkδ(r − rlk)τ+

l τ+
k |i⟩,

(8)
M2ν

cl =
∫ ∞

0
C2ν

cl (r) dr.

While the matrix elements M2ν and M2ν
cl get contributions

only from the 1+ intermediate states, the function C2ν
cl gets

contributions from all intermediate multipoles. This is the
consequence of the δ function in the definition of C2ν

cl (r). When
expanded, all multipoles contribute. Naturally, when integrated
over r only the contributions from the 1+ are nonvanishing. An
example of the multipole decomposition of C2ν

cl (r) is shown in
Fig. 1, and in Fig. 2 we show the functions C2ν

cl (r) for a variety
of ββ decaying nuclei.

For completeness we show here the QRPA formula used
for the evaluation of the function C2ν

cl (r) and its multipole
decomposition depicted in Fig. 1. First, the function

f J
n,n′,p,p′ (r)

= ⟨p(1), p′(2)(r);J ∥ σ1 · σ2 ∥ n(1), n′(2)(r);J ⟩ (9)

is introduced where r is the relative distance between the
neutrons in the states n and n′, respectively, protons in p
and p′. Then, the part of C2ν

cl (r) with the multipolarity J π is

015502-2



0 2 4 6 8 10 12 14

r (fm)

−0.1

−0.05

0

0.05

0.1

0.15

0.2

0.25

0.3

C
(r

)

f7/2f7/2f7/2f7/2 J=0
f7/2f7/2f7/2f7/2 J=2
f7/2f7/2f7/2f7/2 J=4
f7/2f7/2f7/2f7/2 J=6
f5/2f5/2f7/2f7/2 J=0
f5/2f5/2f7/2f7/2 J=2
f5/2f5/2f7/2f7/2 J=4

Here are few examples for the f7/2 and f5/2  orbits.  These functions, 
as expected, typically extend up to the nuclear diameter, peaking near 
the middle. Some of them, in particular those with J = 0, are  
asymmetric  with larger amplitude at small distances. 

Figure by G. Martinez 
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then
1

T1/2
= G0ν(E0, Z)|M0ν |2|⟨mββ⟩|2, (1)

where G0ν(E0, Z) is a precisely calculable phase-space factor
and M0ν is the nuclear matrix element. The effective Majorana
neutrino mass ⟨mββ⟩ is related to the absolute mass scale and
oscillation parameters through

⟨mββ⟩ =
N∑

i

|Uei |2eiαi mi, (all mi ! 0), (2)

where Uei is the first row of the neutrino mixing matrix and
the αi are unknown Majorana phases. Any uncertainty in M0ν

makes the value of ⟨mββ⟩ equally uncertain.
As stated above, we use the QRPA and RQRPA methods

based on the G matrix derived from the realistic Bonn-CD
nucleon-nucleon force, i.e., the many body Hamiltonian is

H =
A∑

i=1

p2
i

2mp

+ 1
2

A∑

i,j=1

VG-matrix(i, j ). (3)

We describe in detail in Sec. V below the input used to solve
the corresponding well-known equations of motion.

In the QRPA (and RQRPA) M0ν is written as a sum over the
virtual intermediate states, labeled by their angular momentum
and parity J π and indices ki and kf (explanations of the
notation are in Appendix A, and in Ref. II):

MK =
∑

J π ,ki ,kf ,J
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The operators OK,K = Fermi (F), Gamow-Teller (GT), and
Tensor (T) contain neutrino potentials and spin and isospin
operators, and RPA energies E

ki,kf

J π . The neutrino potentials, in
turn, are integrals over the exchanged momentum q,
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The functions fF,GT(qr12) = j0(qr12) and fT (qr12) = j2(qr12)
are spherical Bessel functions (the sign of j2 was given
incorrectly in Ref. [14]). The functions hK (q2) are defined
in Appendix A and in Ref.II. The potentials depend explicitly,
though rather weakly, on the energies of the virtual intermedi-
ate states, Ek

J π . The function f̄ (r12) in Eq. (4) represents the
effects of short-range correlations. These will be discussed in
detail in Sec. IV.

Two separate multipole decompositions are built into
Eq. (4). One, already mentioned, is in terms the J π of the
virtual states in the intermediate nucleus, the good quantum
numbers of the QRPA and RQRPA. The other decomposition
is based on the angular momenta and parities J π of the pairs
of neutrons that are transformed into protons with the same

J π (we drop the superscript π from now on for convenience).
This latter representation is particularly revealing. In Fig. 1
we illustrate it both in the LSSM and QRPA, with the same
single particle-spaces in each. These two rather different
approaches agree in a semiquantitative way, but the LSSM
entries for J > 0 are systematically smaller in absolute
value.

Reference [15] makes the claim that QRPA results are too
large because they omit configurations with seniority greater
than 4, which are especially effective in canceling the pairing
part of the matrix element. This statement is not correct. The
QRPA does include configurations with higher seniority (4, 8,
12, etc.) and, as Fig. 1 shows, the broken pair contributions
to the matrix elements are as large or larger than in the
LSSM. (Some of the difference might be due to differences in
single-particle energies and occupation numbers, which are not
identical in the two calculations even though the single-particle

FIG. 1. Contributions of different angular momenta J associated
with the two decaying neutrons to the Gamow-Teller part of M0ν

in 82Se (upper panel) and 130Te (lower panel). The results of LSSM
(dark histogram) [23] and QRPA treatments (lighter histogram) are
compared. Both calculations use the same single-particle spaces:
(f5/2, p3/2, p1/2, g9/2) for 82Se and (g7/2, d5/2, d3/2, s1/2, h11/2) for
130Te. In the QRPA calculation the particle-particle interaction was
adjusted to reproduce the experimental 2νββ-decay rate.
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then
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= G0ν(E0, Z)|M0ν |2|⟨mββ⟩|2, (1)

where G0ν(E0, Z) is a precisely calculable phase-space factor
and M0ν is the nuclear matrix element. The effective Majorana
neutrino mass ⟨mββ⟩ is related to the absolute mass scale and
oscillation parameters through

⟨mββ⟩ =
N∑
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|Uei |2eiαi mi, (all mi ! 0), (2)

where Uei is the first row of the neutrino mixing matrix and
the αi are unknown Majorana phases. Any uncertainty in M0ν

makes the value of ⟨mββ⟩ equally uncertain.
As stated above, we use the QRPA and RQRPA methods

based on the G matrix derived from the realistic Bonn-CD
nucleon-nucleon force, i.e., the many body Hamiltonian is

H =
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We describe in detail in Sec. V below the input used to solve
the corresponding well-known equations of motion.

In the QRPA (and RQRPA) M0ν is written as a sum over the
virtual intermediate states, labeled by their angular momentum
and parity J π and indices ki and kf (explanations of the
notation are in Appendix A, and in Ref. II):
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∑
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The operators OK,K = Fermi (F), Gamow-Teller (GT), and
Tensor (T) contain neutrino potentials and spin and isospin
operators, and RPA energies E

ki,kf

J π . The neutrino potentials, in
turn, are integrals over the exchanged momentum q,
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The functions fF,GT(qr12) = j0(qr12) and fT (qr12) = j2(qr12)
are spherical Bessel functions (the sign of j2 was given
incorrectly in Ref. [14]). The functions hK (q2) are defined
in Appendix A and in Ref.II. The potentials depend explicitly,
though rather weakly, on the energies of the virtual intermedi-
ate states, Ek

J π . The function f̄ (r12) in Eq. (4) represents the
effects of short-range correlations. These will be discussed in
detail in Sec. IV.

Two separate multipole decompositions are built into
Eq. (4). One, already mentioned, is in terms the J π of the
virtual states in the intermediate nucleus, the good quantum
numbers of the QRPA and RQRPA. The other decomposition
is based on the angular momenta and parities J π of the pairs
of neutrons that are transformed into protons with the same

J π (we drop the superscript π from now on for convenience).
This latter representation is particularly revealing. In Fig. 1
we illustrate it both in the LSSM and QRPA, with the same
single particle-spaces in each. These two rather different
approaches agree in a semiquantitative way, but the LSSM
entries for J > 0 are systematically smaller in absolute
value.

Reference [15] makes the claim that QRPA results are too
large because they omit configurations with seniority greater
than 4, which are especially effective in canceling the pairing
part of the matrix element. This statement is not correct. The
QRPA does include configurations with higher seniority (4, 8,
12, etc.) and, as Fig. 1 shows, the broken pair contributions
to the matrix elements are as large or larger than in the
LSSM. (Some of the difference might be due to differences in
single-particle energies and occupation numbers, which are not
identical in the two calculations even though the single-particle

FIG. 1. Contributions of different angular momenta J associated
with the two decaying neutrons to the Gamow-Teller part of M0ν

in 82Se (upper panel) and 130Te (lower panel). The results of LSSM
(dark histogram) [23] and QRPA treatments (lighter histogram) are
compared. Both calculations use the same single-particle spaces:
(f5/2, p3/2, p1/2, g9/2) for 82Se and (g7/2, d5/2, d3/2, s1/2, h11/2) for
130Te. In the QRPA calculation the particle-particle interaction was
adjusted to reproduce the experimental 2νββ-decay rate.
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then
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= G0ν(E0, Z)|M0ν |2|⟨mββ⟩|2, (1)

where G0ν(E0, Z) is a precisely calculable phase-space factor
and M0ν is the nuclear matrix element. The effective Majorana
neutrino mass ⟨mββ⟩ is related to the absolute mass scale and
oscillation parameters through

⟨mββ⟩ =
N∑

i

|Uei |2eiαi mi, (all mi ! 0), (2)

where Uei is the first row of the neutrino mixing matrix and
the αi are unknown Majorana phases. Any uncertainty in M0ν

makes the value of ⟨mββ⟩ equally uncertain.
As stated above, we use the QRPA and RQRPA methods

based on the G matrix derived from the realistic Bonn-CD
nucleon-nucleon force, i.e., the many body Hamiltonian is

H =
A∑

i=1

p2
i

2mp
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i,j=1

VG-matrix(i, j ). (3)

We describe in detail in Sec. V below the input used to solve
the corresponding well-known equations of motion.

In the QRPA (and RQRPA) M0ν is written as a sum over the
virtual intermediate states, labeled by their angular momentum
and parity J π and indices ki and kf (explanations of the
notation are in Appendix A, and in Ref. II):

MK =
∑

J π ,ki ,kf ,J

∑

pnp′n′

(−1)jn+jp′+J+J √
2J + 1
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× ⟨0+
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× ⟨J πki ||[c+
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i ⟩. (4)

The operators OK,K = Fermi (F), Gamow-Teller (GT), and
Tensor (T) contain neutrino potentials and spin and isospin
operators, and RPA energies E

ki,kf

J π . The neutrino potentials, in
turn, are integrals over the exchanged momentum q,
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= 2
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The functions fF,GT(qr12) = j0(qr12) and fT (qr12) = j2(qr12)
are spherical Bessel functions (the sign of j2 was given
incorrectly in Ref. [14]). The functions hK (q2) are defined
in Appendix A and in Ref.II. The potentials depend explicitly,
though rather weakly, on the energies of the virtual intermedi-
ate states, Ek

J π . The function f̄ (r12) in Eq. (4) represents the
effects of short-range correlations. These will be discussed in
detail in Sec. IV.

Two separate multipole decompositions are built into
Eq. (4). One, already mentioned, is in terms the J π of the
virtual states in the intermediate nucleus, the good quantum
numbers of the QRPA and RQRPA. The other decomposition
is based on the angular momenta and parities J π of the pairs
of neutrons that are transformed into protons with the same

J π (we drop the superscript π from now on for convenience).
This latter representation is particularly revealing. In Fig. 1
we illustrate it both in the LSSM and QRPA, with the same
single particle-spaces in each. These two rather different
approaches agree in a semiquantitative way, but the LSSM
entries for J > 0 are systematically smaller in absolute
value.

Reference [15] makes the claim that QRPA results are too
large because they omit configurations with seniority greater
than 4, which are especially effective in canceling the pairing
part of the matrix element. This statement is not correct. The
QRPA does include configurations with higher seniority (4, 8,
12, etc.) and, as Fig. 1 shows, the broken pair contributions
to the matrix elements are as large or larger than in the
LSSM. (Some of the difference might be due to differences in
single-particle energies and occupation numbers, which are not
identical in the two calculations even though the single-particle

FIG. 1. Contributions of different angular momenta J associated
with the two decaying neutrons to the Gamow-Teller part of M0ν

in 82Se (upper panel) and 130Te (lower panel). The results of LSSM
(dark histogram) [23] and QRPA treatments (lighter histogram) are
compared. Both calculations use the same single-particle spaces:
(f5/2, p3/2, p1/2, g9/2) for 82Se and (g7/2, d5/2, d3/2, s1/2, h11/2) for
130Te. In the QRPA calculation the particle-particle interaction was
adjusted to reproduce the experimental 2νββ-decay rate.
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then
1

T1/2
= G0ν(E0, Z)|M0ν |2|⟨mββ⟩|2, (1)

where G0ν(E0, Z) is a precisely calculable phase-space factor
and M0ν is the nuclear matrix element. The effective Majorana
neutrino mass ⟨mββ⟩ is related to the absolute mass scale and
oscillation parameters through

⟨mββ⟩ =
N∑

i

|Uei |2eiαi mi, (all mi ! 0), (2)

where Uei is the first row of the neutrino mixing matrix and
the αi are unknown Majorana phases. Any uncertainty in M0ν

makes the value of ⟨mββ⟩ equally uncertain.
As stated above, we use the QRPA and RQRPA methods

based on the G matrix derived from the realistic Bonn-CD
nucleon-nucleon force, i.e., the many body Hamiltonian is

H =
A∑

i=1

p2
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i,j=1

VG-matrix(i, j ). (3)

We describe in detail in Sec. V below the input used to solve
the corresponding well-known equations of motion.

In the QRPA (and RQRPA) M0ν is written as a sum over the
virtual intermediate states, labeled by their angular momentum
and parity J π and indices ki and kf (explanations of the
notation are in Appendix A, and in Ref. II):

MK =
∑

J π ,ki ,kf ,J

∑

pnp′n′

(−1)jn+jp′+J+J √
2J + 1

{
jp jn J
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i ⟩. (4)

The operators OK,K = Fermi (F), Gamow-Teller (GT), and
Tensor (T) contain neutrino potentials and spin and isospin
operators, and RPA energies E

ki,kf

J π . The neutrino potentials, in
turn, are integrals over the exchanged momentum q,
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= 2
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J π − (Ei + Ef )/2

. (5)

The functions fF,GT(qr12) = j0(qr12) and fT (qr12) = j2(qr12)
are spherical Bessel functions (the sign of j2 was given
incorrectly in Ref. [14]). The functions hK (q2) are defined
in Appendix A and in Ref.II. The potentials depend explicitly,
though rather weakly, on the energies of the virtual intermedi-
ate states, Ek

J π . The function f̄ (r12) in Eq. (4) represents the
effects of short-range correlations. These will be discussed in
detail in Sec. IV.

Two separate multipole decompositions are built into
Eq. (4). One, already mentioned, is in terms the J π of the
virtual states in the intermediate nucleus, the good quantum
numbers of the QRPA and RQRPA. The other decomposition
is based on the angular momenta and parities J π of the pairs
of neutrons that are transformed into protons with the same

J π (we drop the superscript π from now on for convenience).
This latter representation is particularly revealing. In Fig. 1
we illustrate it both in the LSSM and QRPA, with the same
single particle-spaces in each. These two rather different
approaches agree in a semiquantitative way, but the LSSM
entries for J > 0 are systematically smaller in absolute
value.

Reference [15] makes the claim that QRPA results are too
large because they omit configurations with seniority greater
than 4, which are especially effective in canceling the pairing
part of the matrix element. This statement is not correct. The
QRPA does include configurations with higher seniority (4, 8,
12, etc.) and, as Fig. 1 shows, the broken pair contributions
to the matrix elements are as large or larger than in the
LSSM. (Some of the difference might be due to differences in
single-particle energies and occupation numbers, which are not
identical in the two calculations even though the single-particle

FIG. 1. Contributions of different angular momenta J associated
with the two decaying neutrons to the Gamow-Teller part of M0ν

in 82Se (upper panel) and 130Te (lower panel). The results of LSSM
(dark histogram) [23] and QRPA treatments (lighter histogram) are
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130Te. In the QRPA calculation the particle-particle interaction was
adjusted to reproduce the experimental 2νββ-decay rate.
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ŠIMKOVIC, FAESSLER, RODIN, VOGEL, AND ENGEL PHYSICAL REVIEW C 77, 045503 (2008)

then
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= G0ν(E0, Z)|M0ν |2|⟨mββ⟩|2, (1)

where G0ν(E0, Z) is a precisely calculable phase-space factor
and M0ν is the nuclear matrix element. The effective Majorana
neutrino mass ⟨mββ⟩ is related to the absolute mass scale and
oscillation parameters through

⟨mββ⟩ =
N∑

i

|Uei |2eiαi mi, (all mi ! 0), (2)

where Uei is the first row of the neutrino mixing matrix and
the αi are unknown Majorana phases. Any uncertainty in M0ν

makes the value of ⟨mββ⟩ equally uncertain.
As stated above, we use the QRPA and RQRPA methods

based on the G matrix derived from the realistic Bonn-CD
nucleon-nucleon force, i.e., the many body Hamiltonian is

H =
A∑

i=1
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VG-matrix(i, j ). (3)

We describe in detail in Sec. V below the input used to solve
the corresponding well-known equations of motion.

In the QRPA (and RQRPA) M0ν is written as a sum over the
virtual intermediate states, labeled by their angular momentum
and parity J π and indices ki and kf (explanations of the
notation are in Appendix A, and in Ref. II):

MK =
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J π ,ki ,kf ,J

∑
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(−1)jn+jp′+J+J √
2J + 1
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The operators OK,K = Fermi (F), Gamow-Teller (GT), and
Tensor (T) contain neutrino potentials and spin and isospin
operators, and RPA energies E

ki,kf

J π . The neutrino potentials, in
turn, are integrals over the exchanged momentum q,
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)

= 2
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fK (qr12)
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q + Ek
J π − (Ei + Ef )/2

. (5)

The functions fF,GT(qr12) = j0(qr12) and fT (qr12) = j2(qr12)
are spherical Bessel functions (the sign of j2 was given
incorrectly in Ref. [14]). The functions hK (q2) are defined
in Appendix A and in Ref.II. The potentials depend explicitly,
though rather weakly, on the energies of the virtual intermedi-
ate states, Ek

J π . The function f̄ (r12) in Eq. (4) represents the
effects of short-range correlations. These will be discussed in
detail in Sec. IV.

Two separate multipole decompositions are built into
Eq. (4). One, already mentioned, is in terms the J π of the
virtual states in the intermediate nucleus, the good quantum
numbers of the QRPA and RQRPA. The other decomposition
is based on the angular momenta and parities J π of the pairs
of neutrons that are transformed into protons with the same

J π (we drop the superscript π from now on for convenience).
This latter representation is particularly revealing. In Fig. 1
we illustrate it both in the LSSM and QRPA, with the same
single particle-spaces in each. These two rather different
approaches agree in a semiquantitative way, but the LSSM
entries for J > 0 are systematically smaller in absolute
value.

Reference [15] makes the claim that QRPA results are too
large because they omit configurations with seniority greater
than 4, which are especially effective in canceling the pairing
part of the matrix element. This statement is not correct. The
QRPA does include configurations with higher seniority (4, 8,
12, etc.) and, as Fig. 1 shows, the broken pair contributions
to the matrix elements are as large or larger than in the
LSSM. (Some of the difference might be due to differences in
single-particle energies and occupation numbers, which are not
identical in the two calculations even though the single-particle

FIG. 1. Contributions of different angular momenta J associated
with the two decaying neutrons to the Gamow-Teller part of M0ν

in 82Se (upper panel) and 130Te (lower panel). The results of LSSM
(dark histogram) [23] and QRPA treatments (lighter histogram) are
compared. Both calculations use the same single-particle spaces:
(f5/2, p3/2, p1/2, g9/2) for 82Se and (g7/2, d5/2, d3/2, s1/2, h11/2) for
130Te. In the QRPA calculation the particle-particle interaction was
adjusted to reproduce the experimental 2νββ-decay rate.
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It is instructive to consider the contributions of different  
angular momenta J to the final result. This is a typical case; 
J = 0 contributes most, while other J have smaller amplitude 
but opposite sign; hence a substantial cancellation. Note the 
qualitative agreement between NSM and QRPA.  

This is for the 82Se. 
The same s.p. space, 
f5/2, p3/2, p1/2, g9/2, 
is used for both.  
For QRPA this space 
is smaller than 
usual, thus smaller 
M0ν is obtained. 
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protons. The corresponding neutrino potentials are the Fourier
transforms over the neutrino momentum q as shown in Eq. (5).
Obviously, the range of r12 is restricted from above by
r12 ! 2Rnucl. We show here, however, that in reality only much
smaller values, r12 <∼ 2–3 fm, or equivalently larger values
of q, are relevant. Thus a good description of the physics
involving distances r12 ∼ 1 fm, or q ∼ 200 MeV is important.
That finding has not been recognized before, but perhaps it
should be not so surprising that q ∼ pFermi is the most relevant
momentum transfer.

An example of the r12 dependence of M0ν is shown in
Fig. 4 for three nuclei. The quantity C(r) is defined by
evaluating M0ν after multiplying HK (r ′, Ek

J π ) by r2δ(r − r ′),
so that C(r) is the contribution at r to M0ν , with

∫ ∞
0 C(r)dr =

M0ν . As the lower panel of the figure demonstrates, the
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FIG. 4. The dependence on r12 of M0ν for 76Ge, 100Mo, and 130Te.
The upper panel shows the full matrix element, and the lower panel
shows separately ‘pairing’ (J = 0 for the two decaying neutrons) and
‘broken pair’ (J ̸= 0) contributions. The integrated matrix element is
5.35 for 76Ge, 4.46 for 100Mo, and 4.09 for 130Te. The gpp values that
reproduce the known T 2ν

1/2 are 1.030, 1.096, and 0.994. The single-
particle space for 76Ge contains nine levels (oscillator shells N =
3, 4), and that for 100Mo and 130Te contains 13 levels (oscillator shells
N = 3, 4 plus the f and h orbits from N = 5). Short-range correlation
are not included, i.e., f̄ (r12) = 1 in Eq. (4).
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FIG. 5. The r12 dependence of M0ν for 76Ge, from calculations
with different number of single-particle orbits. The dot-dashed curve
was obtained with 21 s.p. subshells, the full curve with 12 subshells,
the dashed curve with nine subshells, the dotted curve with six
subshells, and the double dot-dashed curve with only four subshells.

cancellation between the J = 0 and J ̸= 0 components is
essentially complete for r12 >∼ 2–3 fm. Since the typical
distance from a particular nucleon to its nearest neighbor is
∼1.7 fm (because Rnucl = 1.2A1/3) the nucleons participating
in the 0νββ decay are mostly nearest neighbors. Short-range
nucleon-nucleon repulsion, the finite nucleon size, represented
by nucleon form factors, and components of the weak currents
that are typically suppressed by q/Mnucleon are therefore more
important than one would naively expect.

Perhaps the most interesting thing about the figure is that
the pairing and nonpairing parts of C(r) taken individually (as
in the two panels of the figure) extend to significantly larger r .
The cancellation between them, that we discussed earlier, is
particularly effective beyond 2 or 3 fm, leaving essentially
nothing there. Figure 5 shows that the shape of C(r), like
the integrated matrix element, is essentially independent of
the number of single-particle orbits included, as long as the
truncation is not too severe (as it is with the dash-double-dot
curve, for which important spin-orbit partners were omitted—
only the four single particle states p3/2, p1/2, f5/2, g9/2 were
included) and the coupling constant gpp is chosen to reproduce
the measured 2νββ lifetime. For other values of gpp the
cancellation between the J = 0 and J ̸= 0 contributions at r
larger than 2 or 3 fm is not as complete as in Fig. 4. We return
to this point shortly.

We show the r12 dependence of the different parts of the
M0ν in Fig. 6. All individual contributions die out at r larger
than 2 or 3 fm. The pseudoscalar-axial vector interference part
has opposite sign from the other contributions, and essentially
(and accidentally) cancels the contributions of the vector, weak
magnetism and pure pseudoscalar pieces. The higher-order
terms reduce the matrix element noticeably, and have to be
included.

To gain some insight into the renormalization of the double-
beta decay operator in the shell model, Ref. [17] employs a
solvable model based on the algebra SO(5) × SO(5). The
valence space contains two major shells (fpg9/2 and sdg7/2),
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protons. The corresponding neutrino potentials are the Fourier
transforms over the neutrino momentum q as shown in Eq. (5).
Obviously, the range of r12 is restricted from above by
r12 ! 2Rnucl. We show here, however, that in reality only much
smaller values, r12 <∼ 2–3 fm, or equivalently larger values
of q, are relevant. Thus a good description of the physics
involving distances r12 ∼ 1 fm, or q ∼ 200 MeV is important.
That finding has not been recognized before, but perhaps it
should be not so surprising that q ∼ pFermi is the most relevant
momentum transfer.

An example of the r12 dependence of M0ν is shown in
Fig. 4 for three nuclei. The quantity C(r) is defined by
evaluating M0ν after multiplying HK (r ′, Ek

J π ) by r2δ(r − r ′),
so that C(r) is the contribution at r to M0ν , with

∫ ∞
0 C(r)dr =

M0ν . As the lower panel of the figure demonstrates, the

-2

0

2

4

6

C
(r

) [
fm

-1
]

76
Ge

100
Mo

130
Te

0

2

4

6

8

C
(r

) [
fm

-1
]

0 1 3 6 92 4 5 7 8 10

r [fm]

-8

-6

-4

-2

0

C
(r

) [
fm

-1
]

J = 0

J ≠ 0

FIG. 4. The dependence on r12 of M0ν for 76Ge, 100Mo, and 130Te.
The upper panel shows the full matrix element, and the lower panel
shows separately ‘pairing’ (J = 0 for the two decaying neutrons) and
‘broken pair’ (J ̸= 0) contributions. The integrated matrix element is
5.35 for 76Ge, 4.46 for 100Mo, and 4.09 for 130Te. The gpp values that
reproduce the known T 2ν

1/2 are 1.030, 1.096, and 0.994. The single-
particle space for 76Ge contains nine levels (oscillator shells N =
3, 4), and that for 100Mo and 130Te contains 13 levels (oscillator shells
N = 3, 4 plus the f and h orbits from N = 5). Short-range correlation
are not included, i.e., f̄ (r12) = 1 in Eq. (4).
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was obtained with 21 s.p. subshells, the full curve with 12 subshells,
the dashed curve with nine subshells, the dotted curve with six
subshells, and the double dot-dashed curve with only four subshells.

cancellation between the J = 0 and J ̸= 0 components is
essentially complete for r12 >∼ 2–3 fm. Since the typical
distance from a particular nucleon to its nearest neighbor is
∼1.7 fm (because Rnucl = 1.2A1/3) the nucleons participating
in the 0νββ decay are mostly nearest neighbors. Short-range
nucleon-nucleon repulsion, the finite nucleon size, represented
by nucleon form factors, and components of the weak currents
that are typically suppressed by q/Mnucleon are therefore more
important than one would naively expect.

Perhaps the most interesting thing about the figure is that
the pairing and nonpairing parts of C(r) taken individually (as
in the two panels of the figure) extend to significantly larger r .
The cancellation between them, that we discussed earlier, is
particularly effective beyond 2 or 3 fm, leaving essentially
nothing there. Figure 5 shows that the shape of C(r), like
the integrated matrix element, is essentially independent of
the number of single-particle orbits included, as long as the
truncation is not too severe (as it is with the dash-double-dot
curve, for which important spin-orbit partners were omitted—
only the four single particle states p3/2, p1/2, f5/2, g9/2 were
included) and the coupling constant gpp is chosen to reproduce
the measured 2νββ lifetime. For other values of gpp the
cancellation between the J = 0 and J ̸= 0 contributions at r
larger than 2 or 3 fm is not as complete as in Fig. 4. We return
to this point shortly.

We show the r12 dependence of the different parts of the
M0ν in Fig. 6. All individual contributions die out at r larger
than 2 or 3 fm. The pseudoscalar-axial vector interference part
has opposite sign from the other contributions, and essentially
(and accidentally) cancels the contributions of the vector, weak
magnetism and pure pseudoscalar pieces. The higher-order
terms reduce the matrix element noticeably, and have to be
included.

To gain some insight into the renormalization of the double-
beta decay operator in the shell model, Ref. [17] employs a
solvable model based on the algebra SO(5) × SO(5). The
valence space contains two major shells (fpg9/2 and sdg7/2),
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Function C0ν(r) evaluated in QRPA. Note the peak at ~ 1fm. There 
is no contribution from r> 2-3 fm. And the function for different 
nuclei look very similar, essentially universal.  

From  Simkovic et al, Phys. Rev C77, 045503 (2008) 
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Now C(r) evaluated in the nuclear shell model. All relevant 
features look the same as in QRPA despite the very different 
way the equations of motion are formulated and solved.  

From Menendez 
et al, Nucl. Phys. 
A818, 130 (2009)  
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of turning o↵ the momentum dependence of gV,A(q2) is
less than 5%.

For the weak-magnetic contributions GT-MM, some
care has to be taken when removing the form factors.
As evident from Eqs. (A5) and (A6), in the absence of
gV (q2), both VGT,MM and VT,MM are singular at r ! 0.
To compute the GT-MM matrix element in the second
line of Table IV we used the regularization of the delta
function in Eq. (27), with R = 0.6 fm. Varying R be-
tween 0.6 and 0.8 fm does not have an appreciable e↵ect
on the result. The good agreement for the values of GT-
MM in the first and second line of Table IV indicates that
the result does not strongly depend on the way the region
of large q2 is regulated. For the T-MM matrix element,

the second line of Table IV is obtained by naively using
the potential VT,MM (r) in Eq. (A6). Here the divergence
at r = 0 does not spoil the evaluation of the associated
matrix element. Again this is due to the fact that the
tensor operator T (Sab) gives zero on pairs in relative
S-wave. In fact, the ⌧+a ⌧+b is selecting out valence (nn)
pairs in the initial state. These are largely in a 1S

0

rela-
tive state, with some 3P

0

components which are however
zero at short-range due to an angular momentum barrier.
While in Table IV we only report results for the impact

of form factors on the light neutrino-exchange potentials,
the same features are shared by matrix elements of the
V⇡⇡ and V⇡N potentials, as they are proportional to to
the AP and PP components in IV. The same holds for
the VNN potential, which is analogous to GT-MM. In
particular, changing the regularization of the delta func-
tion potential from Eq. (27) to a dipole form factor, ei-
ther gV (q2) or gA(q2) has little e↵ect on the F-NN and
GT-NN matrix elements.
The impact of the axial and vector form factors on

the 10He!10Be and 12Be!10C transitions is illustrated
in Fig. 5. The solid and dashed lines denote the distri-
butions C̄(q) defined in Eq. (26), with and without the
dipole form factors for gV,A(q2). We see that the dipole
form factors start to have an e↵ect at around q ⇠ 200
MeV, and cut o↵ the distributions for q & 500 MeV. The
e↵ect is similar for the F-⌫ and GT-⌫, which are mostly
long-distance, and the pion-range GT-⇡⇡ and GT-⇡N
matrix elements, which are induced by heavy LNV new
physics.

In the third row of Table IV, we report results ob-
tained by regulating the matrix elements with the F (r)
function defined in Eq. (28) with RL = 0.7 fm. We stud-
ied the sensitivity of our results with respect to variation
of RL 2 {0.6, 0.8} fm and found that the most a↵ected
matrix elements are those characterized by the presence
of the node. For example, by comparing the second and
the third rows in the table we can see that GT-⌫ and
F-⌫ undergo a ⇠ 18% and ⇠ 13% variation, respectively,
whereas T-⌫ is essentially una↵ected by the regulator
function. This is because the T-like operators are already
zero at short-distances.

Finally, in the forth row of Table IV we report re-
sults obtained by artificially turning o↵ the “one-pion-
exchange-like” correlation operators in the nuclear wave
functions as discussed in Sec. III. Turning the correlations
o↵ has a dramatic e↵ect on the tensor matrix elements,
which become statistically equal to zero. The GT-⌫ and
F-⌫ magnitudes increase by ⇠ 10% with respect to the
correlated results given in the first row of the table. The
e↵ect of the “one-pion-exchange-like” correlations is rep-
resented in Fig. 6, where the blue triangles (solid line)
in the left (right) panel represent the r-space (q-space)
GT-AA transition distribution obtained by turning o↵
the correlations to be compared with the red dots (solid
line) obtained with the correlated wave function.

In closing this section, we reiterate that 0⌫�� matrix
elements involve on average values of momentum transfer

C(r) for the hypothetical 0νββ decay of 10He.  

The calculation was performed 
using the ab initio variational 
Monte-Carlo method. So most 
of the approximations inherent 
in NSM or QRPA are avoided. 
Yet the C(r) function looks, 
at least qualitatively, very 
similar to the results shown 
before. 

Figure from Pastore et al.,1710.05026  
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protons. The corresponding neutrino potentials are the Fourier
transforms over the neutrino momentum q as shown in Eq. (5).
Obviously, the range of r12 is restricted from above by
r12 ! 2Rnucl. We show here, however, that in reality only much
smaller values, r12 <∼ 2–3 fm, or equivalently larger values
of q, are relevant. Thus a good description of the physics
involving distances r12 ∼ 1 fm, or q ∼ 200 MeV is important.
That finding has not been recognized before, but perhaps it
should be not so surprising that q ∼ pFermi is the most relevant
momentum transfer.

An example of the r12 dependence of M0ν is shown in
Fig. 4 for three nuclei. The quantity C(r) is defined by
evaluating M0ν after multiplying HK (r ′, Ek

J π ) by r2δ(r − r ′),
so that C(r) is the contribution at r to M0ν , with

∫ ∞
0 C(r)dr =

M0ν . As the lower panel of the figure demonstrates, the
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FIG. 4. The dependence on r12 of M0ν for 76Ge, 100Mo, and 130Te.
The upper panel shows the full matrix element, and the lower panel
shows separately ‘pairing’ (J = 0 for the two decaying neutrons) and
‘broken pair’ (J ̸= 0) contributions. The integrated matrix element is
5.35 for 76Ge, 4.46 for 100Mo, and 4.09 for 130Te. The gpp values that
reproduce the known T 2ν

1/2 are 1.030, 1.096, and 0.994. The single-
particle space for 76Ge contains nine levels (oscillator shells N =
3, 4), and that for 100Mo and 130Te contains 13 levels (oscillator shells
N = 3, 4 plus the f and h orbits from N = 5). Short-range correlation
are not included, i.e., f̄ (r12) = 1 in Eq. (4).
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FIG. 5. The r12 dependence of M0ν for 76Ge, from calculations
with different number of single-particle orbits. The dot-dashed curve
was obtained with 21 s.p. subshells, the full curve with 12 subshells,
the dashed curve with nine subshells, the dotted curve with six
subshells, and the double dot-dashed curve with only four subshells.

cancellation between the J = 0 and J ̸= 0 components is
essentially complete for r12 >∼ 2–3 fm. Since the typical
distance from a particular nucleon to its nearest neighbor is
∼1.7 fm (because Rnucl = 1.2A1/3) the nucleons participating
in the 0νββ decay are mostly nearest neighbors. Short-range
nucleon-nucleon repulsion, the finite nucleon size, represented
by nucleon form factors, and components of the weak currents
that are typically suppressed by q/Mnucleon are therefore more
important than one would naively expect.

Perhaps the most interesting thing about the figure is that
the pairing and nonpairing parts of C(r) taken individually (as
in the two panels of the figure) extend to significantly larger r .
The cancellation between them, that we discussed earlier, is
particularly effective beyond 2 or 3 fm, leaving essentially
nothing there. Figure 5 shows that the shape of C(r), like
the integrated matrix element, is essentially independent of
the number of single-particle orbits included, as long as the
truncation is not too severe (as it is with the dash-double-dot
curve, for which important spin-orbit partners were omitted—
only the four single particle states p3/2, p1/2, f5/2, g9/2 were
included) and the coupling constant gpp is chosen to reproduce
the measured 2νββ lifetime. For other values of gpp the
cancellation between the J = 0 and J ̸= 0 contributions at r
larger than 2 or 3 fm is not as complete as in Fig. 4. We return
to this point shortly.

We show the r12 dependence of the different parts of the
M0ν in Fig. 6. All individual contributions die out at r larger
than 2 or 3 fm. The pseudoscalar-axial vector interference part
has opposite sign from the other contributions, and essentially
(and accidentally) cancels the contributions of the vector, weak
magnetism and pure pseudoscalar pieces. The higher-order
terms reduce the matrix element noticeably, and have to be
included.

To gain some insight into the renormalization of the double-
beta decay operator in the shell model, Ref. [17] employs a
solvable model based on the algebra SO(5) × SO(5). The
valence space contains two major shells (fpg9/2 and sdg7/2),
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The fact that the resulting C(r) is concentrated at r<~2fm is the 
result of cancellation between J = 0 and other values of J. We have 
seen the effect of such cancellation before. It is again common 
in QRPA and NSM. 
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IV. SHORT-RANGE CORRELATIONS AND OTHER
HIGH-MOMENTUM PHENOMENA

Since only r12 <∼ 2–3 fm, [equivalently q > h̄c/(2–3 fm)],
contributes to M0ν , some otherwise negligible effects become
important. These effects are not commonly included, or
included only in rough approximation, in nuclear-structure cal-
culations. For example, the dipole approximation for nucleon
form factors and the corresponding parameters MV and MA

come from electron and neutrino charged-current-scattering
from on-shell nucleons. Nuclear structure deals with bound
nucleons and virtual neutrinos that are far off-shell. Similarly,
the induced pseudoscalar current, with its strength obtained
from the Goldberger-Treiman relation, has been tested in muon
capture on simple systems. Here we are using this current
for off-shell virtual neutrinos. Short range nucleon-nucleon
repulsion has been considered carefully when calculating
nuclear binding energies, but here we need its effect on a
transition operator connecting two different nuclear ground
states. All these effects will introduce some uncertainty
because their treatment is not well tested. Nevertheless, it is
important to understand their size at least roughly.

To show the importance of high momenta explicitly, we
display in Fig. 8 the q dependence C(q)—defined in complete
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FIG. 8. The momentum-transfer dependence of M0ν in 76Ge. The
upper panel is for the full matrix element; in the lower panel we
separate the J = 0 and J ̸= 0 parts. The scale is different in the two
panels. The model space contains nine subshells.
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FIG. 9. The r12 dependence of M0ν in 76Ge evaluated in the model
space that contains nine subshells. The four curves show the effects
of different treatments of short-range correlations. The resulting M0ν

values are 5.32 when the effect of short range correlations is ignored,
5.01 when the UCOM transformation [24] is applied, 4.14 when
the f̄ (r12) from Fermi hypernetted-chain calculations [25] is used in
Eq. (4), and 3.98 when the phenomenological Jastrow f̄ (r12) is
used [26].

analogy to C(r)—of M0ν in 76Ge, in a similar manner to which
we exhibited the r12 dependence earlier. The cancellation
between the J = 0 and J ̸= 0 parts is particularly complete
at lower values of q so that the resulting curve in the upper
panel, although reduced in magnitude, is clearly shifted toward
higher q.

The first high-momentum effect we examine is short-range
correlations. Figure 9 displays the r12 dependence of M0ν

for several methods of handling short-range physics. For
obvious reasons all methods reduce the magnitude of M0ν .
The Unitary Correlation Operator Method (UCOM) [24] leads
to the smallest reduction, less than 5%. The phenomenological
Jastrow-like function f̄ (r12) in Eq. (4) (from Ref. [26]) reduces
M0ν by about 20%. We also display the results of using a
microscopically-derived Jastrow function [25]; its effect is
similar to that of the phenomenological function. Since it is
not clear which approach is best, we believe it prudent to treat
the differences as a relatively modest uncertainty.

Nucleon form factors pose fewer problems because it turns
out that once the short-range correlations effects are included,
no matter how, the form factors are almost irrelevant as long
as the cut-off masses MA,V are at least as large as the standard
values (MA = 1.09 GeV and MV = 0.85 GeV). In Fig. 10 we
show the dependence of M0ν on the values of MA,V which for
this purpose are set equal to each other, with three alternatives
for treating short-range correlations. By 2 GeV the curves
have essentially reached the infinite-mass limit. Since they are
essentially flat past 1 GeV for both the UCOM and Jastrow-like
prescriptions, including the form factors causes only minor
changes in M0ν . Only if the correlations are ignored altogether
do the form factors make a significant difference.

Finally, there is little doubt that the higher order weak
currents, induced pseudoscalar and weak magnetism, should
be included in the calculation. Even though the Goldberger-

045503-6

J=0
Other J 

From C(r) we know that the 
2νββ operator has a short range 
character. That is also visible in 
the momentum analog C(q). 
characteristic momentum is not 
hc/R but hc/r0 ~ 200 MeV.  

This is again the result of 
cancellation between the  
J=0 (pairing) part and the 
other J (broken pairs) parts. 
Note that the lower panel 
has ~ 3 times larger y scale.
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of turning o↵ the momentum dependence of gV,A(q2) is
less than 5%.

For the weak-magnetic contributions GT-MM, some
care has to be taken when removing the form factors.
As evident from Eqs. (A5) and (A6), in the absence of
gV (q2), both VGT,MM and VT,MM are singular at r ! 0.
To compute the GT-MM matrix element in the second
line of Table IV we used the regularization of the delta
function in Eq. (27), with R = 0.6 fm. Varying R be-
tween 0.6 and 0.8 fm does not have an appreciable e↵ect
on the result. The good agreement for the values of GT-
MM in the first and second line of Table IV indicates that
the result does not strongly depend on the way the region
of large q2 is regulated. For the T-MM matrix element,

the second line of Table IV is obtained by naively using
the potential VT,MM (r) in Eq. (A6). Here the divergence
at r = 0 does not spoil the evaluation of the associated
matrix element. Again this is due to the fact that the
tensor operator T (Sab) gives zero on pairs in relative
S-wave. In fact, the ⌧+a ⌧+b is selecting out valence (nn)
pairs in the initial state. These are largely in a 1S

0

rela-
tive state, with some 3P

0

components which are however
zero at short-range due to an angular momentum barrier.
While in Table IV we only report results for the impact

of form factors on the light neutrino-exchange potentials,
the same features are shared by matrix elements of the
V⇡⇡ and V⇡N potentials, as they are proportional to to
the AP and PP components in IV. The same holds for
the VNN potential, which is analogous to GT-MM. In
particular, changing the regularization of the delta func-
tion potential from Eq. (27) to a dipole form factor, ei-
ther gV (q2) or gA(q2) has little e↵ect on the F-NN and
GT-NN matrix elements.
The impact of the axial and vector form factors on

the 10He!10Be and 12Be!10C transitions is illustrated
in Fig. 5. The solid and dashed lines denote the distri-
butions C̄(q) defined in Eq. (26), with and without the
dipole form factors for gV,A(q2). We see that the dipole
form factors start to have an e↵ect at around q ⇠ 200
MeV, and cut o↵ the distributions for q & 500 MeV. The
e↵ect is similar for the F-⌫ and GT-⌫, which are mostly
long-distance, and the pion-range GT-⇡⇡ and GT-⇡N
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In the third row of Table IV, we report results ob-
tained by regulating the matrix elements with the F (r)
function defined in Eq. (28) with RL = 0.7 fm. We stud-
ied the sensitivity of our results with respect to variation
of RL 2 {0.6, 0.8} fm and found that the most a↵ected
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whereas T-⌫ is essentially una↵ected by the regulator
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exchange-like” correlation operators in the nuclear wave
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o↵ has a dramatic e↵ect on the tensor matrix elements,
which become statistically equal to zero. The GT-⌫ and
F-⌫ magnitudes increase by ⇠ 10% with respect to the
correlated results given in the first row of the table. The
e↵ect of the “one-pion-exchange-like” correlations is rep-
resented in Fig. 6, where the blue triangles (solid line)
in the left (right) panel represent the r-space (q-space)
GT-AA transition distribution obtained by turning o↵
the correlations to be compared with the red dots (solid
line) obtained with the correlated wave function.

In closing this section, we reiterate that 0⌫�� matrix
elements involve on average values of momentum transfer

Again, C(q) for the hypothetical 
10He 0νββ decay, evaluated using 
the variational Monte Carlo  
method, with no approximation. 
The behavior at large values of 
q (q > 400 MeV) is a bit different. 
This has to do with the different 
treatment of the nucleon finite 
size.  
 



    The short range character of the 0νββ operator, revealed 
by the evaluation of C0ν(r) means that the nucleons participating  
in the decay must be close to each other. That also means that 
they are mostly in the central region of the nucleus, and less  
likely near the nuclear surface. The central regions of all nuclei  
has essentially the same density and thus also Fermi momentum,  
i.e. it is in the form of nuclear matter. It is thus not surprising 
that no matter which method is used there is relatively little 
a dependence in the M0ν(Z,A).   
    This is in contrast with the known M2ν matrix elements for 
the 2νββ decay which show a rather pronounce Z,A variations,  
2νββ decay is low momentum transfer process, while the 0νββ 
Is much higher momentum transfer process.
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FIG. 5. Top panel: Nuclear matrix elements (M0⌫) for 0⌫��
decay candidates as a function of mass number A. All the
plotted results are obtained with the assumption that the ax-
ial coupling constant gA is unquenched and are from di↵erent
nuclear models: the shell model (SM) from the Strasbourg-
Madrid (black circles) [111], Tokyo (black circle in 48Ca) [112],
and Michigan (black bars) [82] groups; the interacting bo-
son model (IBM-2, green squares) [107]; di↵erent versions
of the quasiparticle random-phase approximation (QRPA)
from the Tübingen (red bars) [113, 114], Jyväskylä (orange
times signs) [81], and Chapel Hill (magenta crosses) [115]
groups; and energy density functional theory (EDF), relativis-
tic (downside cyan triangles) [116, 117] and non-relativistic
(blue triangles) [118]. QRPA error bars result from the use of
two realistic nuclear interactions, while shell model error bars
result from the use of several di↵erent treatments of short
range correlations. Bottom panel: Associated 0⌫�� decay
half-lives, scaled by the square of the unknown parameter
m�� .

operator �⌧ , which is equivalent to using an e↵ective
value of the axial coupling constant that multiplies this
operator in place of its “bare” value of gA ' 1.27. This
phenomenological modification is sometimes referred to
as the “quenching” or “renormalization” of gA. In Sec. IV
we review possible sources of the renormalization, none
of which has yet been shown to fully explain the e↵ect,
and their consequences for 0⌫�� matrix elements.

A. Shell Model

The nuclear shell model is a well-established many-
body method, routinely used to describe the properties
of medium-mass and heavy nuclei [119, 122, 123], includ-
ing candidates for ��-decay experiments. The model,
also called the “configuration interaction method” (par-
ticularly in quantum chemistry [124, 125]), is based on
the idea that the nucleons near the Fermi level are the
most important for low-energy nuclear properties, and
that all the correlations between these nucleons are rele-
vant. Thus, instead of solving the Schrödinger equation
for the full nuclear interaction in the complete many-
body Hilbert space, one restricts the dynamics to a lim-
ited configuration space (sometimes called the valence
space) containing only a subset of the system’s nucleons.
In the configuration space one uses an e↵ective nuclear
interaction He↵, defined (ideally) so that the observables
of the full-space calculation are reproduced, e.g.

H |�ii = Ei |�ii ! He↵ |�̄ii = Ei |�̄ii . (17)

The states |�ii and |�̄ii are defined in the full space and
the configuration space, respectively, and have associated
energy Ei.
The configuration space usually comprises only a rela-

tively small number of “active” nucleons outside a core of
nucleons that are frozen in the lowest-energy orbitals and
not included in the calculation. The active nucleons can
occupy only a limited set of single-particle levels around
the Fermi surface. Many-body states are linear combi-
nations of orthogonal Slater determinants | ii (usually
from a harmonic-oscillator basis) for nucleons in those
single-particle states,

|�̄ii =
X

j

cij | ji , (18)

with the cij determined by exact diagonalization of He↵.
The shell model describes ground-state nuclear proper-

ties such as masses, separation energies, and charge radii
quite well. It also does a good job with low-lying excita-
tion spectra and with electromagnetic moments and tran-
sitions [119, 122, 123]. The wide variety of successes over
a broad range of isotopes reflects the shell model’s ability
to capture both the excitation of a single particle from
an orbital below the Fermi surface to one above, in the
spirit of the original naive shell model [126, 127], and col-
lective correlations that come from the coherent motion
of many nucleons in the configuration space. The exact
diagonalization of He↵ means that the shell model states
|�̄ii contain all correlations (isovector and isoscalar pair-
ing, quadrupole collectivity, etc.) that can be induced by
He↵.
This careful treatment of correlations, on the other

hand, restricts the range of shell model to relatively
small configuration spaces, at present those for which the
Hilbert-space dimension is less than about (1011) [128,
129]. For this reason most shell model calculations of

Figure from review by Engel and Menendez 
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operator �⌧ , which is equivalent to using an e↵ective
value of the axial coupling constant that multiplies this
operator in place of its “bare” value of gA ' 1.27. This
phenomenological modification is sometimes referred to
as the “quenching” or “renormalization” of gA. In Sec. IV
we review possible sources of the renormalization, none
of which has yet been shown to fully explain the e↵ect,
and their consequences for 0⌫�� matrix elements.

A. Shell Model

The nuclear shell model is a well-established many-
body method, routinely used to describe the properties
of medium-mass and heavy nuclei [119, 122, 123], includ-
ing candidates for ��-decay experiments. The model,
also called the “configuration interaction method” (par-
ticularly in quantum chemistry [124, 125]), is based on
the idea that the nucleons near the Fermi level are the
most important for low-energy nuclear properties, and
that all the correlations between these nucleons are rele-
vant. Thus, instead of solving the Schrödinger equation
for the full nuclear interaction in the complete many-
body Hilbert space, one restricts the dynamics to a lim-
ited configuration space (sometimes called the valence
space) containing only a subset of the system’s nucleons.
In the configuration space one uses an e↵ective nuclear
interaction He↵, defined (ideally) so that the observables
of the full-space calculation are reproduced, e.g.

H |�ii = Ei |�ii ! He↵ |�̄ii = Ei |�̄ii . (17)

The states |�ii and |�̄ii are defined in the full space and
the configuration space, respectively, and have associated
energy Ei.
The configuration space usually comprises only a rela-

tively small number of “active” nucleons outside a core of
nucleons that are frozen in the lowest-energy orbitals and
not included in the calculation. The active nucleons can
occupy only a limited set of single-particle levels around
the Fermi surface. Many-body states are linear combi-
nations of orthogonal Slater determinants | ii (usually
from a harmonic-oscillator basis) for nucleons in those
single-particle states,

|�̄ii =
X

j

cij | ji , (18)

with the cij determined by exact diagonalization of He↵.
The shell model describes ground-state nuclear proper-

ties such as masses, separation energies, and charge radii
quite well. It also does a good job with low-lying excita-
tion spectra and with electromagnetic moments and tran-
sitions [119, 122, 123]. The wide variety of successes over
a broad range of isotopes reflects the shell model’s ability
to capture both the excitation of a single particle from
an orbital below the Fermi surface to one above, in the
spirit of the original naive shell model [126, 127], and col-
lective correlations that come from the coherent motion
of many nucleons in the configuration space. The exact
diagonalization of He↵ means that the shell model states
|�̄ii contain all correlations (isovector and isoscalar pair-
ing, quadrupole collectivity, etc.) that can be induced by
He↵.
This careful treatment of correlations, on the other

hand, restricts the range of shell model to relatively
small configuration spaces, at present those for which the
Hilbert-space dimension is less than about (1011) [128,
129]. For this reason most shell model calculations of

Calculated M0ν by different methods (color coded) 
The spread of the M0n values for each nucleus is ~ 3. On the other 
hand, there is relatively little variation from one nucleus to the next. 



The 2ν matrix elements, unlike the 0ν ones, exhibit pronounced shell 
effects. They vary relatively fast as a function of Z or A. 
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masses. Hence, the allowed approximation is valid, qR ≪ 1,
and only the Gamow-Teller operator στ+ and only the 1+

virtual intermediate states, contribute. On the other hand, in
the 0νββ decay the momentum transfer is of the order of the
nucleon Fermi momentum q ∼ 200 MeV, qR ! 1, and all
J π virtual intermediate states can contribute significantly. Our
discussion here sheds more light on the different behavior of
the 0νββ and 2νββ matrix elements.

It is worthwhile to remember another type of relation,
explored in the classic article by Pontecorvo [11]. At that
time the available information on ββ decay was based on the
geochemical determination of the total decay rate, 1/τtot =
1/τ0ν + 1/τ2ν . Since these two modes scale very differently
with Q (∼Q5 for 0ν and ∼Q11 for 2ν) Pontecorvo suggested
that comparing the total lifetimes of two isotopes, 130Te and
128Te, which have very different Q values, might reveal the
presence of the lepton number violating 0ν decay, provided
the nuclear matrix elements of these two isotopes are identical.
While the matrix elements of these two isotopes are indeed
rather close, they are not quite the same. Moreover, we know
today that the 0ν decay rate is very much smaller, if it is indeed
nonvanishing, than the 2ν decay rate.

The present article is structured as follows. In the next
section we describe the formalism that leads to the relation
between the Gamow-Teller part of the 0νββ matrix ele-
ment and the 2νββ matrix element evaluated in the closure
approximation. We also discuss the validity of the closure
approximation in the 0νββ case. In the following section we
discuss this novel relation in more detail and show numerous
examples. In Sec. IV we briefly discuss the issue of quenching
of the axial current matrix elements. While closure is a rather
poor approximation in the 2νββ case, we argue in Sec. V
that combining the known lifetimes with the often measured
distribution of the β− and β+ strengths constrains the M2ν

cl
values substantially. We believe that the relation found here
allows one to better understand the different behavior of these
matrix elements. We conclude in the last section.

II. FORMALISM

Assuming that the 0νββ decay is caused by the exchange
of the light Majorana neutrinos, the half-life and the nuclear
matrix element are related through

1
T1/2

= G0ν(Q,Z)|M0ν |2|⟨mββ⟩|2, (1)

where G0ν(Q,Z) is the easily calculable phase-space factor,
⟨mββ⟩ is the effective neutrino Majorana mass whose determi-
nation is the ultimate goal of the experiments, and M0ν is the
nuclear matrix element consisting of Gamow-Teller, Fermi,
and tensor parts,

M0ν = M0ν
GT − M0ν

F

g2
A

+ M0ν
T ≡ M0ν

GT(1 + χF + χT ), (2)

where χF and χT are the matrix element ratios that are smaller
than unity and, presumably, less dependent on the details of
the applied nuclear model. In the following we concetrate
on the GT part, M0ν

GT, which can be somewhat symbolically

written as

M0ν
GT = ⟨f |'lkσl · σkτ

+
l τ+

k H (rlk, Ē)|i⟩, (3)

where H (rlk, Ē) is the neutrino potential described in detail
below and rlk is the relative distance between the two neutrons
that are trasformed in the decay into the two protons.

In Ref. [4], based on the QRPA, as well as in Ref. [7] based
on the nuclear shell model, the function C0ν(r) that describes
the dependence of the M0ν on the distance rlk was introduced.
Formally, this function can be defined as [12]

C0ν
GT(r) = ⟨f |'lkσl · σkτ

+
l τ+

k δ(r − rlk)H (rlk, Ē)|i⟩, (4)

where δ(x) is the Dirac delta function. Obviously, this function
is normalized by

M0ν
GT =

∫ ∞

0
C0ν

GT(r) dr, (5)

and has the dimension lenght−1. The shape of C0ν
GT(r) is very

similar in both QRPA and NSM and in all cases consists of a
peak with maximum at r ∼ 1 fm ending near r ∼ 2.5 fm and
of very little contributions for larger values of r .

Now lets turn to the case of the 2ν decay mode. The matrix
element M2ν governing the 2νββ decay mode is of the form

M2ν = 'm

⟨f ||στ+||m⟩⟨m||στ+||i⟩
Em − (Mi + Mf )/2

, (6)

where the sumation extends over all 1+ virtual intermediate
states. We can introduce also the closure analog of M2ν ,
denoted by M2ν

cl , by replacing the energies Em by a properly
defined average value Ē2ν . Thus,

M2ν
cl ≡ ⟨f |'lkσl · σkτ

+
l τ+

k |i⟩,
(7)

M2ν
cl = M2ν × (Ē2ν − (Mi + Mf )/2).

In analogy with Eq. (4) we can define the new function

C2ν
cl (r) = ⟨f |'lkσl · σkδ(r − rlk)τ+

l τ+
k |i⟩,

(8)
M2ν

cl =
∫ ∞

0
C2ν

cl (r) dr.

While the matrix elements M2ν and M2ν
cl get contributions

only from the 1+ intermediate states, the function C2ν
cl gets

contributions from all intermediate multipoles. This is the
consequence of the δ function in the definition of C2ν

cl (r). When
expanded, all multipoles contribute. Naturally, when integrated
over r only the contributions from the 1+ are nonvanishing. An
example of the multipole decomposition of C2ν

cl (r) is shown in
Fig. 1, and in Fig. 2 we show the functions C2ν

cl (r) for a variety
of ββ decaying nuclei.

For completeness we show here the QRPA formula used
for the evaluation of the function C2ν

cl (r) and its multipole
decomposition depicted in Fig. 1. First, the function

f J
n,n′,p,p′ (r)

= ⟨p(1), p′(2)(r);J ∥ σ1 · σ2 ∥ n(1), n′(2)(r);J ⟩ (9)

is introduced where r is the relative distance between the
neutrons in the states n and n′, respectively, protons in p
and p′. Then, the part of C2ν

cl (r) with the multipolarity J π is

015502-2

Lets consider once more the GT m.e. for 0νββ 

If we remove from the operator the neutrino potential 
H(r,E) we obtain the matrix element of the double GT 
operator connecting the ground states of the initial and 
final nuclei. The same operator would be responsible for 
the 2νββ decay if it would be OK to treat it in the closure 
approximation. 
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masses. Hence, the allowed approximation is valid, qR ≪ 1,
and only the Gamow-Teller operator στ+ and only the 1+

virtual intermediate states, contribute. On the other hand, in
the 0νββ decay the momentum transfer is of the order of the
nucleon Fermi momentum q ∼ 200 MeV, qR ! 1, and all
J π virtual intermediate states can contribute significantly. Our
discussion here sheds more light on the different behavior of
the 0νββ and 2νββ matrix elements.

It is worthwhile to remember another type of relation,
explored in the classic article by Pontecorvo [11]. At that
time the available information on ββ decay was based on the
geochemical determination of the total decay rate, 1/τtot =
1/τ0ν + 1/τ2ν . Since these two modes scale very differently
with Q (∼Q5 for 0ν and ∼Q11 for 2ν) Pontecorvo suggested
that comparing the total lifetimes of two isotopes, 130Te and
128Te, which have very different Q values, might reveal the
presence of the lepton number violating 0ν decay, provided
the nuclear matrix elements of these two isotopes are identical.
While the matrix elements of these two isotopes are indeed
rather close, they are not quite the same. Moreover, we know
today that the 0ν decay rate is very much smaller, if it is indeed
nonvanishing, than the 2ν decay rate.

The present article is structured as follows. In the next
section we describe the formalism that leads to the relation
between the Gamow-Teller part of the 0νββ matrix ele-
ment and the 2νββ matrix element evaluated in the closure
approximation. We also discuss the validity of the closure
approximation in the 0νββ case. In the following section we
discuss this novel relation in more detail and show numerous
examples. In Sec. IV we briefly discuss the issue of quenching
of the axial current matrix elements. While closure is a rather
poor approximation in the 2νββ case, we argue in Sec. V
that combining the known lifetimes with the often measured
distribution of the β− and β+ strengths constrains the M2ν

cl
values substantially. We believe that the relation found here
allows one to better understand the different behavior of these
matrix elements. We conclude in the last section.

II. FORMALISM

Assuming that the 0νββ decay is caused by the exchange
of the light Majorana neutrinos, the half-life and the nuclear
matrix element are related through

1
T1/2

= G0ν(Q,Z)|M0ν |2|⟨mββ⟩|2, (1)

where G0ν(Q,Z) is the easily calculable phase-space factor,
⟨mββ⟩ is the effective neutrino Majorana mass whose determi-
nation is the ultimate goal of the experiments, and M0ν is the
nuclear matrix element consisting of Gamow-Teller, Fermi,
and tensor parts,

M0ν = M0ν
GT − M0ν

F

g2
A

+ M0ν
T ≡ M0ν

GT(1 + χF + χT ), (2)

where χF and χT are the matrix element ratios that are smaller
than unity and, presumably, less dependent on the details of
the applied nuclear model. In the following we concetrate
on the GT part, M0ν

GT, which can be somewhat symbolically

written as

M0ν
GT = ⟨f |'lkσl · σkτ

+
l τ+

k H (rlk, Ē)|i⟩, (3)

where H (rlk, Ē) is the neutrino potential described in detail
below and rlk is the relative distance between the two neutrons
that are trasformed in the decay into the two protons.

In Ref. [4], based on the QRPA, as well as in Ref. [7] based
on the nuclear shell model, the function C0ν(r) that describes
the dependence of the M0ν on the distance rlk was introduced.
Formally, this function can be defined as [12]

C0ν
GT(r) = ⟨f |'lkσl · σkτ

+
l τ+

k δ(r − rlk)H (rlk, Ē)|i⟩, (4)

where δ(x) is the Dirac delta function. Obviously, this function
is normalized by

M0ν
GT =

∫ ∞

0
C0ν

GT(r) dr, (5)

and has the dimension lenght−1. The shape of C0ν
GT(r) is very

similar in both QRPA and NSM and in all cases consists of a
peak with maximum at r ∼ 1 fm ending near r ∼ 2.5 fm and
of very little contributions for larger values of r .

Now lets turn to the case of the 2ν decay mode. The matrix
element M2ν governing the 2νββ decay mode is of the form

M2ν = 'm

⟨f ||στ+||m⟩⟨m||στ+||i⟩
Em − (Mi + Mf )/2

, (6)

where the sumation extends over all 1+ virtual intermediate
states. We can introduce also the closure analog of M2ν ,
denoted by M2ν

cl , by replacing the energies Em by a properly
defined average value Ē2ν . Thus,

M2ν
cl ≡ ⟨f |'lkσl · σkτ

+
l τ+

k |i⟩,
(7)

M2ν
cl = M2ν × (Ē2ν − (Mi + Mf )/2).

In analogy with Eq. (4) we can define the new function

C2ν
cl (r) = ⟨f |'lkσl · σkδ(r − rlk)τ+

l τ+
k |i⟩,

(8)
M2ν

cl =
∫ ∞

0
C2ν
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While the matrix elements M2ν and M2ν
cl get contributions

only from the 1+ intermediate states, the function C2ν
cl gets

contributions from all intermediate multipoles. This is the
consequence of the δ function in the definition of C2ν

cl (r). When
expanded, all multipoles contribute. Naturally, when integrated
over r only the contributions from the 1+ are nonvanishing. An
example of the multipole decomposition of C2ν

cl (r) is shown in
Fig. 1, and in Fig. 2 we show the functions C2ν

cl (r) for a variety
of ββ decaying nuclei.

For completeness we show here the QRPA formula used
for the evaluation of the function C2ν

cl (r) and its multipole
decomposition depicted in Fig. 1. First, the function

f J
n,n′,p,p′ (r)

= ⟨p(1), p′(2)(r);J ∥ σ1 · σ2 ∥ n(1), n′(2)(r);J ⟩ (9)

is introduced where r is the relative distance between the
neutrons in the states n and n′, respectively, protons in p
and p′. Then, the part of C2ν

cl (r) with the multipolarity J π is
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masses. Hence, the allowed approximation is valid, qR ≪ 1,
and only the Gamow-Teller operator στ+ and only the 1+

virtual intermediate states, contribute. On the other hand, in
the 0νββ decay the momentum transfer is of the order of the
nucleon Fermi momentum q ∼ 200 MeV, qR ! 1, and all
J π virtual intermediate states can contribute significantly. Our
discussion here sheds more light on the different behavior of
the 0νββ and 2νββ matrix elements.

It is worthwhile to remember another type of relation,
explored in the classic article by Pontecorvo [11]. At that
time the available information on ββ decay was based on the
geochemical determination of the total decay rate, 1/τtot =
1/τ0ν + 1/τ2ν . Since these two modes scale very differently
with Q (∼Q5 for 0ν and ∼Q11 for 2ν) Pontecorvo suggested
that comparing the total lifetimes of two isotopes, 130Te and
128Te, which have very different Q values, might reveal the
presence of the lepton number violating 0ν decay, provided
the nuclear matrix elements of these two isotopes are identical.
While the matrix elements of these two isotopes are indeed
rather close, they are not quite the same. Moreover, we know
today that the 0ν decay rate is very much smaller, if it is indeed
nonvanishing, than the 2ν decay rate.

The present article is structured as follows. In the next
section we describe the formalism that leads to the relation
between the Gamow-Teller part of the 0νββ matrix ele-
ment and the 2νββ matrix element evaluated in the closure
approximation. We also discuss the validity of the closure
approximation in the 0νββ case. In the following section we
discuss this novel relation in more detail and show numerous
examples. In Sec. IV we briefly discuss the issue of quenching
of the axial current matrix elements. While closure is a rather
poor approximation in the 2νββ case, we argue in Sec. V
that combining the known lifetimes with the often measured
distribution of the β− and β+ strengths constrains the M2ν

cl
values substantially. We believe that the relation found here
allows one to better understand the different behavior of these
matrix elements. We conclude in the last section.

II. FORMALISM

Assuming that the 0νββ decay is caused by the exchange
of the light Majorana neutrinos, the half-life and the nuclear
matrix element are related through

1
T1/2

= G0ν(Q,Z)|M0ν |2|⟨mββ⟩|2, (1)

where G0ν(Q,Z) is the easily calculable phase-space factor,
⟨mββ⟩ is the effective neutrino Majorana mass whose determi-
nation is the ultimate goal of the experiments, and M0ν is the
nuclear matrix element consisting of Gamow-Teller, Fermi,
and tensor parts,

M0ν = M0ν
GT − M0ν

F

g2
A

+ M0ν
T ≡ M0ν

GT(1 + χF + χT ), (2)

where χF and χT are the matrix element ratios that are smaller
than unity and, presumably, less dependent on the details of
the applied nuclear model. In the following we concetrate
on the GT part, M0ν

GT, which can be somewhat symbolically

written as

M0ν
GT = ⟨f |'lkσl · σkτ

+
l τ+

k H (rlk, Ē)|i⟩, (3)

where H (rlk, Ē) is the neutrino potential described in detail
below and rlk is the relative distance between the two neutrons
that are trasformed in the decay into the two protons.

In Ref. [4], based on the QRPA, as well as in Ref. [7] based
on the nuclear shell model, the function C0ν(r) that describes
the dependence of the M0ν on the distance rlk was introduced.
Formally, this function can be defined as [12]

C0ν
GT(r) = ⟨f |'lkσl · σkτ

+
l τ+

k δ(r − rlk)H (rlk, Ē)|i⟩, (4)

where δ(x) is the Dirac delta function. Obviously, this function
is normalized by

M0ν
GT =

∫ ∞

0
C0ν

GT(r) dr, (5)

and has the dimension lenght−1. The shape of C0ν
GT(r) is very

similar in both QRPA and NSM and in all cases consists of a
peak with maximum at r ∼ 1 fm ending near r ∼ 2.5 fm and
of very little contributions for larger values of r .

Now lets turn to the case of the 2ν decay mode. The matrix
element M2ν governing the 2νββ decay mode is of the form

M2ν = 'm

⟨f ||στ+||m⟩⟨m||στ+||i⟩
Em − (Mi + Mf )/2

, (6)

where the sumation extends over all 1+ virtual intermediate
states. We can introduce also the closure analog of M2ν ,
denoted by M2ν

cl , by replacing the energies Em by a properly
defined average value Ē2ν . Thus,

M2ν
cl ≡ ⟨f |'lkσl · σkτ

+
l τ+

k |i⟩,
(7)

M2ν
cl = M2ν × (Ē2ν − (Mi + Mf )/2).

In analogy with Eq. (4) we can define the new function

C2ν
cl (r) = ⟨f |'lkσl · σkδ(r − rlk)τ+

l τ+
k |i⟩,

(8)
M2ν

cl =
∫ ∞

0
C2ν

cl (r) dr.

While the matrix elements M2ν and M2ν
cl get contributions

only from the 1+ intermediate states, the function C2ν
cl gets

contributions from all intermediate multipoles. This is the
consequence of the δ function in the definition of C2ν

cl (r). When
expanded, all multipoles contribute. Naturally, when integrated
over r only the contributions from the 1+ are nonvanishing. An
example of the multipole decomposition of C2ν

cl (r) is shown in
Fig. 1, and in Fig. 2 we show the functions C2ν

cl (r) for a variety
of ββ decaying nuclei.

For completeness we show here the QRPA formula used
for the evaluation of the function C2ν

cl (r) and its multipole
decomposition depicted in Fig. 1. First, the function

f J
n,n′,p,p′ (r)

= ⟨p(1), p′(2)(r);J ∥ σ1 · σ2 ∥ n(1), n′(2)(r);J ⟩ (9)

is introduced where r is the relative distance between the
neutrons in the states n and n′, respectively, protons in p
and p′. Then, the part of C2ν

cl (r) with the multipolarity J π is
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masses. Hence, the allowed approximation is valid, qR ≪ 1,
and only the Gamow-Teller operator στ+ and only the 1+

virtual intermediate states, contribute. On the other hand, in
the 0νββ decay the momentum transfer is of the order of the
nucleon Fermi momentum q ∼ 200 MeV, qR ! 1, and all
J π virtual intermediate states can contribute significantly. Our
discussion here sheds more light on the different behavior of
the 0νββ and 2νββ matrix elements.

It is worthwhile to remember another type of relation,
explored in the classic article by Pontecorvo [11]. At that
time the available information on ββ decay was based on the
geochemical determination of the total decay rate, 1/τtot =
1/τ0ν + 1/τ2ν . Since these two modes scale very differently
with Q (∼Q5 for 0ν and ∼Q11 for 2ν) Pontecorvo suggested
that comparing the total lifetimes of two isotopes, 130Te and
128Te, which have very different Q values, might reveal the
presence of the lepton number violating 0ν decay, provided
the nuclear matrix elements of these two isotopes are identical.
While the matrix elements of these two isotopes are indeed
rather close, they are not quite the same. Moreover, we know
today that the 0ν decay rate is very much smaller, if it is indeed
nonvanishing, than the 2ν decay rate.

The present article is structured as follows. In the next
section we describe the formalism that leads to the relation
between the Gamow-Teller part of the 0νββ matrix ele-
ment and the 2νββ matrix element evaluated in the closure
approximation. We also discuss the validity of the closure
approximation in the 0νββ case. In the following section we
discuss this novel relation in more detail and show numerous
examples. In Sec. IV we briefly discuss the issue of quenching
of the axial current matrix elements. While closure is a rather
poor approximation in the 2νββ case, we argue in Sec. V
that combining the known lifetimes with the often measured
distribution of the β− and β+ strengths constrains the M2ν

cl
values substantially. We believe that the relation found here
allows one to better understand the different behavior of these
matrix elements. We conclude in the last section.

II. FORMALISM

Assuming that the 0νββ decay is caused by the exchange
of the light Majorana neutrinos, the half-life and the nuclear
matrix element are related through

1
T1/2

= G0ν(Q,Z)|M0ν |2|⟨mββ⟩|2, (1)

where G0ν(Q,Z) is the easily calculable phase-space factor,
⟨mββ⟩ is the effective neutrino Majorana mass whose determi-
nation is the ultimate goal of the experiments, and M0ν is the
nuclear matrix element consisting of Gamow-Teller, Fermi,
and tensor parts,

M0ν = M0ν
GT − M0ν
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g2
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+ M0ν
T ≡ M0ν

GT(1 + χF + χT ), (2)

where χF and χT are the matrix element ratios that are smaller
than unity and, presumably, less dependent on the details of
the applied nuclear model. In the following we concetrate
on the GT part, M0ν

GT, which can be somewhat symbolically

written as
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GT = ⟨f |'lkσl · σkτ

+
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k H (rlk, Ē)|i⟩, (3)

where H (rlk, Ē) is the neutrino potential described in detail
below and rlk is the relative distance between the two neutrons
that are trasformed in the decay into the two protons.

In Ref. [4], based on the QRPA, as well as in Ref. [7] based
on the nuclear shell model, the function C0ν(r) that describes
the dependence of the M0ν on the distance rlk was introduced.
Formally, this function can be defined as [12]
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+
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where δ(x) is the Dirac delta function. Obviously, this function
is normalized by
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∫ ∞

0
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GT(r) dr, (5)

and has the dimension lenght−1. The shape of C0ν
GT(r) is very

similar in both QRPA and NSM and in all cases consists of a
peak with maximum at r ∼ 1 fm ending near r ∼ 2.5 fm and
of very little contributions for larger values of r .

Now lets turn to the case of the 2ν decay mode. The matrix
element M2ν governing the 2νββ decay mode is of the form

M2ν = 'm

⟨f ||στ+||m⟩⟨m||στ+||i⟩
Em − (Mi + Mf )/2

, (6)

where the sumation extends over all 1+ virtual intermediate
states. We can introduce also the closure analog of M2ν ,
denoted by M2ν

cl , by replacing the energies Em by a properly
defined average value Ē2ν . Thus,

M2ν
cl ≡ ⟨f |'lkσl · σkτ

+
l τ+

k |i⟩,
(7)

M2ν
cl = M2ν × (Ē2ν − (Mi + Mf )/2).

In analogy with Eq. (4) we can define the new function

C2ν
cl (r) = ⟨f |'lkσl · σkδ(r − rlk)τ+

l τ+
k |i⟩,

(8)
M2ν

cl =
∫ ∞

0
C2ν

cl (r) dr.

While the matrix elements M2ν and M2ν
cl get contributions

only from the 1+ intermediate states, the function C2ν
cl gets

contributions from all intermediate multipoles. This is the
consequence of the δ function in the definition of C2ν

cl (r). When
expanded, all multipoles contribute. Naturally, when integrated
over r only the contributions from the 1+ are nonvanishing. An
example of the multipole decomposition of C2ν

cl (r) is shown in
Fig. 1, and in Fig. 2 we show the functions C2ν

cl (r) for a variety
of ββ decaying nuclei.

For completeness we show here the QRPA formula used
for the evaluation of the function C2ν

cl (r) and its multipole
decomposition depicted in Fig. 1. First, the function

f J
n,n′,p,p′ (r)

= ⟨p(1), p′(2)(r);J ∥ σ1 · σ2 ∥ n(1), n′(2)(r);J ⟩ (9)

is introduced where r is the relative distance between the
neutrons in the states n and n′, respectively, protons in p
and p′. Then, the part of C2ν

cl (r) with the multipolarity J π is

015502-2

We can define the radial function C2ν
cl(r) the same way as for the 
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It is now clear that, at least formally, the following equality holds: 
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masses. Hence, the allowed approximation is valid, qR ≪ 1,
and only the Gamow-Teller operator στ+ and only the 1+

virtual intermediate states, contribute. On the other hand, in
the 0νββ decay the momentum transfer is of the order of the
nucleon Fermi momentum q ∼ 200 MeV, qR ! 1, and all
J π virtual intermediate states can contribute significantly. Our
discussion here sheds more light on the different behavior of
the 0νββ and 2νββ matrix elements.

It is worthwhile to remember another type of relation,
explored in the classic article by Pontecorvo [11]. At that
time the available information on ββ decay was based on the
geochemical determination of the total decay rate, 1/τtot =
1/τ0ν + 1/τ2ν . Since these two modes scale very differently
with Q (∼Q5 for 0ν and ∼Q11 for 2ν) Pontecorvo suggested
that comparing the total lifetimes of two isotopes, 130Te and
128Te, which have very different Q values, might reveal the
presence of the lepton number violating 0ν decay, provided
the nuclear matrix elements of these two isotopes are identical.
While the matrix elements of these two isotopes are indeed
rather close, they are not quite the same. Moreover, we know
today that the 0ν decay rate is very much smaller, if it is indeed
nonvanishing, than the 2ν decay rate.

The present article is structured as follows. In the next
section we describe the formalism that leads to the relation
between the Gamow-Teller part of the 0νββ matrix ele-
ment and the 2νββ matrix element evaluated in the closure
approximation. We also discuss the validity of the closure
approximation in the 0νββ case. In the following section we
discuss this novel relation in more detail and show numerous
examples. In Sec. IV we briefly discuss the issue of quenching
of the axial current matrix elements. While closure is a rather
poor approximation in the 2νββ case, we argue in Sec. V
that combining the known lifetimes with the often measured
distribution of the β− and β+ strengths constrains the M2ν

cl
values substantially. We believe that the relation found here
allows one to better understand the different behavior of these
matrix elements. We conclude in the last section.

II. FORMALISM

Assuming that the 0νββ decay is caused by the exchange
of the light Majorana neutrinos, the half-life and the nuclear
matrix element are related through

1
T1/2

= G0ν(Q,Z)|M0ν |2|⟨mββ⟩|2, (1)

where G0ν(Q,Z) is the easily calculable phase-space factor,
⟨mββ⟩ is the effective neutrino Majorana mass whose determi-
nation is the ultimate goal of the experiments, and M0ν is the
nuclear matrix element consisting of Gamow-Teller, Fermi,
and tensor parts,

M0ν = M0ν
GT − M0ν

F

g2
A

+ M0ν
T ≡ M0ν

GT(1 + χF + χT ), (2)

where χF and χT are the matrix element ratios that are smaller
than unity and, presumably, less dependent on the details of
the applied nuclear model. In the following we concetrate
on the GT part, M0ν

GT, which can be somewhat symbolically

written as

M0ν
GT = ⟨f |'lkσl · σkτ

+
l τ+

k H (rlk, Ē)|i⟩, (3)

where H (rlk, Ē) is the neutrino potential described in detail
below and rlk is the relative distance between the two neutrons
that are trasformed in the decay into the two protons.

In Ref. [4], based on the QRPA, as well as in Ref. [7] based
on the nuclear shell model, the function C0ν(r) that describes
the dependence of the M0ν on the distance rlk was introduced.
Formally, this function can be defined as [12]

C0ν
GT(r) = ⟨f |'lkσl · σkτ

+
l τ+

k δ(r − rlk)H (rlk, Ē)|i⟩, (4)

where δ(x) is the Dirac delta function. Obviously, this function
is normalized by

M0ν
GT =

∫ ∞

0
C0ν

GT(r) dr, (5)

and has the dimension lenght−1. The shape of C0ν
GT(r) is very

similar in both QRPA and NSM and in all cases consists of a
peak with maximum at r ∼ 1 fm ending near r ∼ 2.5 fm and
of very little contributions for larger values of r .

Now lets turn to the case of the 2ν decay mode. The matrix
element M2ν governing the 2νββ decay mode is of the form

M2ν = 'm

⟨f ||στ+||m⟩⟨m||στ+||i⟩
Em − (Mi + Mf )/2

, (6)

where the sumation extends over all 1+ virtual intermediate
states. We can introduce also the closure analog of M2ν ,
denoted by M2ν

cl , by replacing the energies Em by a properly
defined average value Ē2ν . Thus,

M2ν
cl ≡ ⟨f |'lkσl · σkτ

+
l τ+

k |i⟩,
(7)

M2ν
cl = M2ν × (Ē2ν − (Mi + Mf )/2).

In analogy with Eq. (4) we can define the new function

C2ν
cl (r) = ⟨f |'lkσl · σkδ(r − rlk)τ+

l τ+
k |i⟩,

(8)
M2ν

cl =
∫ ∞

0
C2ν

cl (r) dr.

While the matrix elements M2ν and M2ν
cl get contributions

only from the 1+ intermediate states, the function C2ν
cl gets

contributions from all intermediate multipoles. This is the
consequence of the δ function in the definition of C2ν

cl (r). When
expanded, all multipoles contribute. Naturally, when integrated
over r only the contributions from the 1+ are nonvanishing. An
example of the multipole decomposition of C2ν

cl (r) is shown in
Fig. 1, and in Fig. 2 we show the functions C2ν

cl (r) for a variety
of ββ decaying nuclei.

For completeness we show here the QRPA formula used
for the evaluation of the function C2ν

cl (r) and its multipole
decomposition depicted in Fig. 1. First, the function

f J
n,n′,p,p′ (r)

= ⟨p(1), p′(2)(r);J ∥ σ1 · σ2 ∥ n(1), n′(2)(r);J ⟩ (9)

is introduced where r is the relative distance between the
neutrons in the states n and n′, respectively, protons in p
and p′. Then, the part of C2ν

cl (r) with the multipolarity J π is
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FIG. 1. (Color online) Multipole decomposition of C2ν
cl (r) as

function of relative distance of two β-decaying neutrons in the 76Ge
nucleus. Calculation performed for 76Ge with 23 single-particle levels
model space. Positive-parity multipoles are shown in the upper panel
and the negative-parity ones are in the lower panel.

given by

C2ν
cl (r, J π ) =

∑

ki ,kf ,J

∑

pnp′n′

(−1)jn+jp′+J π +J

×
√

2J + 1

{
jp jn J π

jn′ jp′ J

}

× f J
n,n′,p,p′ (r)

×⟨0+
f ||[ ˜c+

p′ c̃n′]J ||J πkf ⟩⟨J πkf |J πki⟩
× ⟨J πki ||[c+

p c̃n]J ||0+
i ⟩. (10)

Here ki and kf are the labels of the excited states with the
multipolarity J π in the intermediate nucleus built on the initial
and final nuclear ground states, and ⟨0+

f ||[c+
p′ c̃n′ ]J ||J πkf ⟩ and

⟨J πki ||[c+
p c̃n]J ||0+

i ⟩ are the corresponding QRPA amplitudes.
It is now clear that, by construction,

C0ν
GT(r) = H (r, Ē) × C2ν

cl (r), (11)

which is valid for any shape of the neutrino potential H (r, Ē).
Thus, if C2ν

cl (r) is known, C0ν
GT(r) and therefore also M0ν

GT can
be easily determined. The Eq. (11) represents the basic relation
between the 0ν and 2ν ββ-decay modes that we will explore
further.

Note that while the function C2ν
cl (r) has a substantial

negative tail past r ∼ 2–3 fm, these distances contribute very
little to C0ν

GT(r). This is a consequence of the shape of the
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FIG. 2. (Color online) C2ν
cl (r) as a function of the relative distance

of the decaying neutron pair for different nuclei.

neutrino potential H (r, Ē) that decreases fast with increasing
values of the distance r .

A. Neutrino potential

The neutrino potential HGT(r, Ē) governing the Gamow-
Teller part of the matrix element M0ν is defined as

HGT(r, E0ν)

= 2R

π

∫ ∞

0
j0(qr)

q

q + E0ν

f 2
FNS(q2)gHOT(q2) dq, (12)

where

fFNS = 1
(
1 + q2

M2
A

)2 (13)

takes into account the finite size of the nucleon and is usually
approximated using the above dipole type form factor with
MA = 1.09 GeV [13] (varying MA between 1.0 and 1.2 GeV
makes little difference). The function gHOT(q2) includes the
terms from higher-order hadron currents, namely induced
pseudoscalar and weak magnetism [14]. The short-range
correlations are included using the method of Ref. [15]. The
Jastrow-like two-body function derived there is applied when
the radial integrals in both functions C0ν and C2ν

cl are evaluated;
they do not appear explicitly in Eq. (12).

We show in Fig. 3 the shape of the potential. When the finite
nucleon size, higher-order terms are neglected, and Ē0ν = 0
is assumed, the potential has Coulomb-like shape R/r . The
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given by

C2ν
cl (r, J π ) =

∑
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∑
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×
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{
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p′ c̃n′]J ||J πkf ⟩⟨J πkf |J πki⟩
× ⟨J πki ||[c+

p c̃n]J ||0+
i ⟩. (10)

Here ki and kf are the labels of the excited states with the
multipolarity J π in the intermediate nucleus built on the initial
and final nuclear ground states, and ⟨0+

f ||[c+
p′ c̃n′ ]J ||J πkf ⟩ and

⟨J πki ||[c+
p c̃n]J ||0+

i ⟩ are the corresponding QRPA amplitudes.
It is now clear that, by construction,

C0ν
GT(r) = H (r, Ē) × C2ν

cl (r), (11)

which is valid for any shape of the neutrino potential H (r, Ē).
Thus, if C2ν

cl (r) is known, C0ν
GT(r) and therefore also M0ν

GT can
be easily determined. The Eq. (11) represents the basic relation
between the 0ν and 2ν ββ-decay modes that we will explore
further.

Note that while the function C2ν
cl (r) has a substantial

negative tail past r ∼ 2–3 fm, these distances contribute very
little to C0ν
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neutrino potential H (r, Ē) that decreases fast with increasing
values of the distance r .

A. Neutrino potential

The neutrino potential HGT(r, Ē) governing the Gamow-
Teller part of the matrix element M0ν is defined as

HGT(r, E0ν)

= 2R

π

∫ ∞

0
j0(qr)

q

q + E0ν

f 2
FNS(q2)gHOT(q2) dq, (12)

where

fFNS = 1
(
1 + q2

M2
A

)2 (13)

takes into account the finite size of the nucleon and is usually
approximated using the above dipole type form factor with
MA = 1.09 GeV [13] (varying MA between 1.0 and 1.2 GeV
makes little difference). The function gHOT(q2) includes the
terms from higher-order hadron currents, namely induced
pseudoscalar and weak magnetism [14]. The short-range
correlations are included using the method of Ref. [15]. The
Jastrow-like two-body function derived there is applied when
the radial integrals in both functions C0ν and C2ν

cl are evaluated;
they do not appear explicitly in Eq. (12).

We show in Fig. 3 the shape of the potential. When the finite
nucleon size, higher-order terms are neglected, and Ē0ν = 0
is assumed, the potential has Coulomb-like shape R/r . The

015502-3

Functions C2ν
cl(r) evaluated with QRPA for several nuclei. Note that 

the peak at small r is essentially compensated by the substantial 
tail at larger r. Besides that the C2ν

cl(r) depends very sensitively on  
the nuclear parameters used, thus it becomes highly uncertain.  



Clearly, determination of  M2ν
cl is not easy. We do know the 

value of M2ν, however M2ν
cl cannot be extracted from the  

known 2νββ decay half-life. That’s because while M2ν and M2ν
cl 

depend only on the virtual 1+ states in the intermediate odd-odd 
nucleus, the weights of individual states are different. Those 
at higher energies contribute less to M2ν than to M2ν

cl. 
 
This would be OK if the higher energy states have very small 
both <m| σ τ+ |i> and <m| σ τ- |f>. But that is not the case,  
apparently. 
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TABLE II. The 2νββ-decay closure nuclear matrix element |M2ν
cl | evaluated using the single-state

dominance hypothesis (SSD) and with help of the measured β± strengths in charge exchange reactions
(ChER). The adopted values of the 2νββ-decay half-times T

2ν−exp
1/2 , taken from Ref. [17], are also

shown. In the ChER case the matrix elements |M2ν | and M2ν
cl have been determined by assuming

equal phases for its each individual contribution.

Nucleus T
2ν−exp

1/2 (y) SSD ChER

|M2ν | (MeV−1) |M2ν
cl | |M2ν | (MeV−1) |M2ν

cl |
48Ca 4.4 × 1019 – – 0.083 0.220 [25]
76Ge 1.5 × 1021 – – 0.159 0.522 [26]
96Zr 2.3 × 1019 – – – 0.222 [27]
100Mo 7.1 × 1018 0.208 0.350 [29] – –
116Cd 2.8 × 1019 0.187 0.349 [29] 0.064 0.305 [28]
128Te 1.9 × 1024 0.019 0.0327 [29] – –

are shown in Table II. That method can be used, obviously,
only for the nuclei where the corresponding experimental data
are available.

Comparison of the NMEs M2ν
exp and M2ν

cl in Table I tells
us right away that, at least within the QRPA, the summation
in the Eq. (6) contains both positive and negative parts (see
also Fig. 5). This is obviously so since for most nuclei the
quantity Ē2ν − (Mi + Mf )/2 in Eq. (7) becomes negative,
while each of the denominators in the Eq. (6) is positive.
Hence, we cannot expect good agreement between the M2ν

cl
from QRPA and those from items (ii) and (iii) above. And,
moreover, we cannot expect that SSD is a valid hypothesis for
all candidate nuclei. Comparison of the corresponding entries
in Tables I and II confirms that expectation.

Since there is a substantial experimental activity devoted
to the determination of the β± strengths, it is worthwhile
to examine in more detail the somewhat unexpected finding
that in many cases M2ν and M2ν

cl have opposite signs.
Obviously, this has to do with the different weight of the
corresponding terms in the Eq. (6) and its closure analog.
We plot in Fig. 7 the corresponding running sums as a
function of the excitation energy in the intermediate nucleus.
One can see that the negative values of M2ν

cl arise from
excitation energies Eex > 10 MeV that are difficult to explore
experimentally.

The negative contributions to M2ν and M2ν
cl from higher

excitation energies cause in several nuclei even the reversal
of the sign of M2ν

cl to the negative one. While, clearly, there
is a substantial β− strength at these excitation energies,
QRPA predicts that there is a sufficient β+ strength there
as well, leading to the reduction of the M2ν and M2ν

cl
visible in Fig. 7. Our QRPA calculations suggest that about
0.2 units of the B(GT) β+ strength is distributed among
states with Eex ! 10 MeV in all considered nuclei. Such
β+ strength has not been observed experimentally so far. It
remains to be seen whether it exists at all or is hidden in
the “grass,” i.e., distributed among many weak states that
escape identification. Until this dilemma is resolved we cannot
decide whether the closure matrix elements M2ν

cl in Table I are
realistic.

In the previous section we discussed the phenomenon of
quenching of the axial current matrix elements. Figure 6

suggests that using the effective geff
A < 1.27 reduces the

negative contribution of the higher-lying 1+ states to the
matrix element M ′2ν

cl . To see how large that effect might
be we performed QRPA calculation with geff

A = 0.9 based
on the empirical evidence that the degree of quenching
increases with A. The resulting quenched matrix elements
M ′2ν

cl are shown in Table III. While, as remarked earlier, it
is unknown whether all mutipoles are affected by the axial
current quenching, not only the GT 1+ states, we nevertheless
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FIG. 7. (Color online) The running sums of M2ν (upper panel)
and M2ν

cl (lower panel) for selected nuclei; gA = 1.269 was used.
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Illustration of the difficulties. 
In the upper panel are the  
contributions to the M2ν from 
states up to E. Even though 
the correct value is reached 
(by design), it is crossed at 
lower energies, followed by 
a drop at ~ 10 MeV. 
 
 
In the lower panel the same 
calculation is done for M2ν

cl. 
In this case the high energy 
drop is much larger because 
it is not reduced by the energy 
denominator present in the 
true M2ν.
 
While the states up to ~5 MeV 
can be studied experimentally, 
the ~ 10 MeV can not. It is not 
clear whether they exist or not.



Again, this feature appears to be  
present in other nuclear models 
as well. Here are the shell model 
results for M2ν in 48Ca (upper panel)  
and in the model case of 36Ar.  
(From Kortelainen and Suhonen,  
J. Phys. G 30, 2003 (2004)). 
 
The drop at ~ 10 MeV is again visible, 
perhaps it is less apparent that in the 
heavier nuclei treated by QRPA. 
 
Nevertheless, the inherent uncertainty 
in M2ν

cl is substantial.   
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masses. Hence, the allowed approximation is valid, qR ≪ 1,
and only the Gamow-Teller operator στ+ and only the 1+

virtual intermediate states, contribute. On the other hand, in
the 0νββ decay the momentum transfer is of the order of the
nucleon Fermi momentum q ∼ 200 MeV, qR ! 1, and all
J π virtual intermediate states can contribute significantly. Our
discussion here sheds more light on the different behavior of
the 0νββ and 2νββ matrix elements.

It is worthwhile to remember another type of relation,
explored in the classic article by Pontecorvo [11]. At that
time the available information on ββ decay was based on the
geochemical determination of the total decay rate, 1/τtot =
1/τ0ν + 1/τ2ν . Since these two modes scale very differently
with Q (∼Q5 for 0ν and ∼Q11 for 2ν) Pontecorvo suggested
that comparing the total lifetimes of two isotopes, 130Te and
128Te, which have very different Q values, might reveal the
presence of the lepton number violating 0ν decay, provided
the nuclear matrix elements of these two isotopes are identical.
While the matrix elements of these two isotopes are indeed
rather close, they are not quite the same. Moreover, we know
today that the 0ν decay rate is very much smaller, if it is indeed
nonvanishing, than the 2ν decay rate.

The present article is structured as follows. In the next
section we describe the formalism that leads to the relation
between the Gamow-Teller part of the 0νββ matrix ele-
ment and the 2νββ matrix element evaluated in the closure
approximation. We also discuss the validity of the closure
approximation in the 0νββ case. In the following section we
discuss this novel relation in more detail and show numerous
examples. In Sec. IV we briefly discuss the issue of quenching
of the axial current matrix elements. While closure is a rather
poor approximation in the 2νββ case, we argue in Sec. V
that combining the known lifetimes with the often measured
distribution of the β− and β+ strengths constrains the M2ν

cl
values substantially. We believe that the relation found here
allows one to better understand the different behavior of these
matrix elements. We conclude in the last section.

II. FORMALISM

Assuming that the 0νββ decay is caused by the exchange
of the light Majorana neutrinos, the half-life and the nuclear
matrix element are related through

1
T1/2

= G0ν(Q,Z)|M0ν |2|⟨mββ⟩|2, (1)

where G0ν(Q,Z) is the easily calculable phase-space factor,
⟨mββ⟩ is the effective neutrino Majorana mass whose determi-
nation is the ultimate goal of the experiments, and M0ν is the
nuclear matrix element consisting of Gamow-Teller, Fermi,
and tensor parts,

M0ν = M0ν
GT − M0ν

F

g2
A

+ M0ν
T ≡ M0ν

GT(1 + χF + χT ), (2)

where χF and χT are the matrix element ratios that are smaller
than unity and, presumably, less dependent on the details of
the applied nuclear model. In the following we concetrate
on the GT part, M0ν

GT, which can be somewhat symbolically

written as

M0ν
GT = ⟨f |'lkσl · σkτ

+
l τ+

k H (rlk, Ē)|i⟩, (3)

where H (rlk, Ē) is the neutrino potential described in detail
below and rlk is the relative distance between the two neutrons
that are trasformed in the decay into the two protons.

In Ref. [4], based on the QRPA, as well as in Ref. [7] based
on the nuclear shell model, the function C0ν(r) that describes
the dependence of the M0ν on the distance rlk was introduced.
Formally, this function can be defined as [12]

C0ν
GT(r) = ⟨f |'lkσl · σkτ

+
l τ+

k δ(r − rlk)H (rlk, Ē)|i⟩, (4)

where δ(x) is the Dirac delta function. Obviously, this function
is normalized by

M0ν
GT =

∫ ∞

0
C0ν

GT(r) dr, (5)

and has the dimension lenght−1. The shape of C0ν
GT(r) is very

similar in both QRPA and NSM and in all cases consists of a
peak with maximum at r ∼ 1 fm ending near r ∼ 2.5 fm and
of very little contributions for larger values of r .

Now lets turn to the case of the 2ν decay mode. The matrix
element M2ν governing the 2νββ decay mode is of the form

M2ν = 'm

⟨f ||στ+||m⟩⟨m||στ+||i⟩
Em − (Mi + Mf )/2

, (6)

where the sumation extends over all 1+ virtual intermediate
states. We can introduce also the closure analog of M2ν ,
denoted by M2ν

cl , by replacing the energies Em by a properly
defined average value Ē2ν . Thus,

M2ν
cl ≡ ⟨f |'lkσl · σkτ

+
l τ+

k |i⟩,
(7)

M2ν
cl = M2ν × (Ē2ν − (Mi + Mf )/2).

In analogy with Eq. (4) we can define the new function

C2ν
cl (r) = ⟨f |'lkσl · σkδ(r − rlk)τ+

l τ+
k |i⟩,

(8)
M2ν

cl =
∫ ∞

0
C2ν

cl (r) dr.

While the matrix elements M2ν and M2ν
cl get contributions

only from the 1+ intermediate states, the function C2ν
cl gets

contributions from all intermediate multipoles. This is the
consequence of the δ function in the definition of C2ν

cl (r). When
expanded, all multipoles contribute. Naturally, when integrated
over r only the contributions from the 1+ are nonvanishing. An
example of the multipole decomposition of C2ν

cl (r) is shown in
Fig. 1, and in Fig. 2 we show the functions C2ν

cl (r) for a variety
of ββ decaying nuclei.

For completeness we show here the QRPA formula used
for the evaluation of the function C2ν

cl (r) and its multipole
decomposition depicted in Fig. 1. First, the function

f J
n,n′,p,p′ (r)

= ⟨p(1), p′(2)(r);J ∥ σ1 · σ2 ∥ n(1), n′(2)(r);J ⟩ (9)

is introduced where r is the relative distance between the
neutrons in the states n and n′, respectively, protons in p
and p′. Then, the part of C2ν

cl (r) with the multipolarity J π is
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However, the 2νββ closure matrix element is just one of the states 
that characterizes the ``double GT” strength function.  
 
 
 
If we replace <f| by any excited state in the final nucleus, we could trace 
The distribution of that strength. Here is an example for 48Ca -> 48Ti, 
evaluated usin the nuclear shell model. 
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FIG. 1. DGT strength distribution of 48Ca to 48Ti. The red solid (blue dashed) line shows the B(DGT−;λ = 2) [B(DGT−;λ =
0)] transitions. Results obtained with the (a) GXPF1B [48], (b) KB3G [49] nuclear interactions in the single pf shell, and (c)
SDPFMU-DB [39] interaction (an extension of GXPF1B) in the two-shell sd-pf configuration space.

We perform large-scale shell-model calculations to
study the DGT strength distribution of 48Ca with the
Lanczos strength function method [45, 46]. This tech-
nique is based on acting with the DGT operator on the
initial state of the transition, the 48Ca ground state. Af-
ter typically 300 iterations, the states obtained are still
not exact eigenstates of the nuclear interaction but the
strength distribution is a very good approximation to
the exact one [46]. When necessary we project into good
angular-momentum diagonalizing the J2 operator. The
DGT calculations use the M -scheme shell-model code
KSHELL [47]. We smear out the final DGT distribu-
tions with Lorentzians of Γ = 1 MeV width to simulate
the experimental energy resolution.
Figure 1 (a) and (b) shows the DGT strength dis-

tribution obtained with two different nuclear interac-
tions [48, 49] in the configuration space comprised by one
harmonic oscillator major shell (pf shell). The results in
Fig. 1 (c) use an interaction acting in two major shells [39]
(sd and pf shells), limited to 2!ω excitations. The three
DGT distributions are in reasonable agreement, suggest-
ing that the theoretical uncertainties due to the nuclear
interaction and the size of the configuration space are
relatively under control. The centroid energy and width
of the DGT GR only differ by 1.6 MeV and 1.1 MeV, re-
spectively, between the two one-major-shell calculations.
Increasing the configuration space from one to two major
shells also has a reasonably small effect.
DGT GR, pairing and 0νββ decay. Next we analyze

the properties of the DGT strength distribution. We
probe its dependence on pairing correlations by adding
an isovector or isoscalar pairing term with variable cou-
pling to the nuclear interaction:

H ′ = H +GJTP JT , (2)

where P J=0,T=1 and P J=1,T=0 denote the isovector and
isoscalar pairing interactions [50], respectively, with cor-
responding G01 and G10 couplings. For H we take the
pf -shell GXPF1B interaction.
Figure 2 (a) shows the DGT strength distribution

for various values, attractive and repulsive, of the ad-
ditional isovector pairing term. The top panel shows the
G01 = 0.5 MeV case, where most of the isovector pair-
ing of the original interaction is canceled [51], while the
bottom panel uses G01 = −1.0 MeV, greatly enhancing
isoscalar pairing correlations. The centroid energy of the
DGT distribution, both for λ = 0 and λ = 2 couplings,
increases with the strength of the isoscalar pairing inter-
action. On the other hand, the width of the DGT GR
remains rather stable, even though its shape is somewhat
different, especially in the case of strongly attractive pair-
ing terms. Likewise Fig. 2 (b) shows the DGT strength
distribution for isoscalar pairing couplings G10 ranging
from repulsive values that almost cancel this interac-
tion [51] to attractive ones that magnify the importance
of this term. The position of the centroid energy of the
DGT GR is rather independent of the isoscalar pairing
coupling. In contrast, strongly attractive isoscalar pair-
ing makes the DGT GR width over 2 MeV broader than
with the original nuclear interaction. We find very simi-
lar results when using, alternatively, the pf -shell KB3G
interaction as H .
The 0νββ decay NMEs are also very sensitive to pair-

ing correlations, both isovector [52–54] and isoscalar [55–
58]. The 0νββ decay NME is given by a combination of
GT, Fermi (F) and tensor (T) components [6]:

M0ν = M0ν
GT −

(

gV
gA

)2

M0ν
F +M0ν

T , (3)

M0ν
X = ⟨f |

∑

jk

τ−j τ−k SXVX(rjk)|i⟩, (4)

where gA/gV = 1.27 is the ratio of the axial and vec-
tor couplings, the different spin structures are SF = 1,
SGT = σjσk and the tensor ST , and VGT , VF and VT are
the corresponding neutrino potentials, which depend on
the distance between the decaying neutrons rjk. Equa-
tion (3) uses the closure approximation, which is accurate
to more than 90% [42]. In this approximation the neu-
trino potential is the only difference between the domi-
nant term M0ν

GT and the DGT operator.

Figure from Shimizu et al. 1709.01088  

The strength is concentrated in 
the ``double GT giant resonance” 
whose central energy depends  
sensitively on the isovector  
pairing strenth and its width 
depends on the isoscalar pairing. 
This feature could be, perhaps, 
studied expertimentally by the 
two nucleon exchange reactions, 
perhaps something like (t,p) or (p,t). 



However, what we are really interested in is the ``double GT strength”  
connecting the ground states of the initial and final nuclei.   The 
calculation predicts that this strength is only ~3x10-5   of the total, 
so its experimental determination is a long shot. 
 
Shimizu et al. suggest (my interpretation) that if the ``giant double-GT 
resonance” could be observed, its energy and width could be used as 
the test of the computational procedure. One could then rely on the  
calculated M2ν

cl, which according to them is proportional to M0ν. 
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FIG. 4. Correlation between the 0νββ decay NME M0ν and
the DGT matrix element MDGT. (a) Calcium (red), tita-
nium (blue) and chromium (yellow) isotopes calculated with
the shell model GXPF1B (squares) and KB3G (circles) inter-
actions, compared to the EDF 48Ca result [24] (green star).
(b) Germanium (red), selenium (blue), tin (orange), tellurium
(purple) and xenon (light blue) shell model results (filled sym-
bols) calculated with the interactions in Refs. [44, 62–64],
each one represented by a different symbol. Compared are
EDF [24] (green stars) and QRPA [65] (black crosses) results
for ββ emitters, and cadmium EDF values.

DGT and 0νββ decay NME. Figure 1 shows that the
DGT transition into the ground state of the final state
48Ti is a tiny fraction of the total DGT distribution.
Nonetheless this matrix element is expected to be the
closest to 0νββ decay since both processes share initial
and final states. We define the DGT matrix element as

MDGT=
√

B(DGT−; 0; 0+gs → 0+gs)=
∣

∣

∣
⟨0+gs||O

(0)
− ||0+gs⟩

∣

∣

∣
.(7)

The 48Ca MDGT shown in Fig. 3 is indeed correlated to
the 0νββ decay NME.
Figure 4 explores the relation between M0ν and MDGT

matrix elements for twenty-six pairs of initial and final
nuclei comprising initial calcium, titanium and chromium
isotopes with mass numbers 42 ≤ A ≤ 60 (panel a);
and seventeen initial germanium, selenium, tin, tellurium
and xenon isotopes with masses 76 ≤ A ≤ 136 that in-
clude five ββ emitters (panel b). We have used various
one-major-shell nuclear interactions [44, 62–64] in each
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FIG. 5. Normalized distributions CGT of the M0ν
GT (red) and

MDGT (orange) matrix elements as a function of (a) the inter-
nucleon distance rij , (b) the momentum transfer q. Results
for 48Ca with the pf -shell GXPF1B interaction.

mass region. We observe a simple linear relation between
the DGT and 0νββ decay matrix elements, valid up to
M0ν ≃ 5. When taking nuclear states truncated in the
seniority basis (using the code NATHAN [46]) the same
linear relation extends to M0ν ≃ 10. The correlation is
also common to calculations in one or two major shells
for results in Fig. 4 (a).

Figure 4 compares the shell model results with the non-
relativistic energy-density functional (EDF) ones for ββ
decay emitters and cadmium isotopes from Ref. [24]. The
two many-body approaches follow a quite similar corre-
lation. This is very encouraging given the marked differ-
ences between the shell model and energy-density func-
tionalM0ν values [66]. On the contrary, the quasiparticle
radom-phase approximation (QRPA) calculations for ββ
decay emitters from Ref. [65] give small MDGT ! 0.4
matrix elements independently of the associated 0νββ
decay NME values.

In order to understand the connection between the two
processes, we show the distributions of matrix element as
a function of the distance between the transferred or de-
caying nucleons [67] in Fig. 5 (a). Here 48Ca is chosen
as an example. Both matrix elements are dominated by
short internucleon distances. We note that in DGT tran-
sitions intermediate- and long-range contributions cancel
each other. The similar behavior of the internucleon dis-
tance distributions is in contrast with the clear difference
in momentum transfer distributions shown in Fig. 5 (b).
Momentum transfers vanish in DGT transitions and peak
in the 0νββ decay matrix element around 100 MeV.

The short range character of both DGT and 0νββ de-
cay matrix elements can explain the simple linear rela-
tion between them. References [68, 69] showed that if
an operator only probes the short-range physics of low-

The proportionality appears 
to be valid in NSM and EDF. 
It is not true, however, in  
QRPA. This is an open problem. 



Summary 
 
1) Only small distances, r < 2 fm, contribute to the M0ν.  
    That seems to be an universal conclusion, common to 
    all methods where it was tested. 
2) That explains, or justifies, why the calculated 
     M0ν change little with A or Z, unlike M2ν. 
3) There is a close relation between M0ν and the 
     2νββ closure matrix element M2ν

cl. 
4) If M2ν

cl or, better yet, its radial dependence C2ν
cl(r) 

    could be experimentally determined, it would make 
    the determination of the M0ν easier.  
5) That is not easy. But more work, in theory and experiment, 
     is needed to see how realistic this is. 
      


