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Definition and Motivation

Definition (J-scheme and M -scheme) of ρ(3)

ρ(3)J ≡
〈

0+
f

∣∣∣[[[ĉ(τ1)†
j1

ĉ
(τ2)†
j2

]J12 ĉ
(τ3)†
j3

]J
�
[[
ĉ

(τ4)

j̃4
ĉ

(τ5)

j̃5

]J45 ĉ
(τ6)

j̃6

]J]0∣∣∣0+
i

〉
(1)

ρ(3)M ≡
〈
0+
f

∣∣ĉ†τ1j1m1
ĉ†τ2j2m2

ĉ†τ3j3m3
ĉτ4j4m4ĉτ5j5m5ĉτ6j6m6

∣∣0+
i

〉
(2)

From M -scheme to J-scheme

ρ(3)J =

′∑
(m1m2m3m4m5m6)

Coeff(123456, J12, J45, J, Sig) � ρ(3)M (3)

Important for NME of 0νββ Menendez: PRL (2011); Engel: PRC (2014)

From Wendt’s notes From PRL 107, 062501
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Definition and Motivation

Definition (M -scheme) of λ(3)

Aa···k
l···q = c†a · · · c

†
kcq · · · cl (4)

ρkr = 〈Ψ|Ak
r |Ψ〉 = ρrk, (5)

ρklrs = 〈Ψ|Akl
rs|Ψ〉 = ρ

(2)
rs,kl, (6)

ρklmrst = 〈Ψ|Aklm
rst |Ψ〉 = ρ

(3)
rst,klm. (7)

ρkr ≡ λkr , (8)

ρklrs ≡ λklrs +A(λkrλ
l
s), (9)

ρklmrst ≡ λklmrst +A(λkrλ
l
sλ

m
t + λkrλ

lm
st ). (10)

The antisymmetrizer A generates all unique permutations of the indices of the
product of tensors it is applied to.

H. Hergert: In-Medium SRG Notes (2015)
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Calculation of Three-Body ρ(3) and λ(3)

ρ(3): from M- to J-scheme

[[[
ĉ
(τ1)†
j1

ĉ
(τ2)†
j2

]J12
ĉ
(τ3)†
j3

]J
�

[[
ĉ
(τ4)

j̃4
ĉ
(τ5)

j̃5

]J45
ĉ
(τ6)

j̃6

]J]0

=
∑
MM ′

C00
JMJM ′

[[
ĉ
(τ1)†
j1

ĉ
(τ2)†
j2

]J12
ĉ
(τ3)†
j3

]JM
�

[[
ĉ
(τ4)

j̃4
ĉ
(τ5)

j̃5

]J45
ĉ
(τ6)

j̃6

]JM ′

=
∑
MM ′

∑
M12m3

∑
M45m6

C00
JMJM ′CJM

J12M12j3m3
CJM ′

J45M45j6m6

[
ĉ
(τ1)†
j1

ĉ
(τ2)†
j2

]J12M12

ĉ
(τ3)†
j3m3

�
[
ĉ
(τ4)

j̃4
ĉ
(τ5)

j̃5

]J45M45

ĉ
(τ6)

j̃6m6

=
∑
MM ′

∑
M12m3

∑
M45m6

∑
m1m2

∑
m4m5

C00
JMJM ′CJM

J12M12j3m3
CJM ′

J45M45j6m6
CJ12M12

j1m1j2m2
CJ45M45

j4m4j5m5

× ĉ(τ1)†j1m1
ĉ
(τ2)†
j2m2

ĉ
(τ3)†
j3m3

� ĉ(τ4)
j̃4m4

ĉ
(τ5)

j̃5m5
ĉ
(τ6)

j̃6m6

=
∑
M

∑
M12m3

∑
M45m6

∑
m1m2

∑
m4m5

(−)J−M
1√

2J + 1
CJM
J12M12j3m3

CJ−M
J45M45j6m6

CJ12M12

j1m1j2m2
CJ45M45

j4m4j5m5

× ĉ(τ1)†j1m1
ĉ
(τ2)†
j2m2

ĉ
(τ3)†
j3m3

� ĉ(τ4)
j̃4m4

ĉ
(τ5)

j̃5m5
ĉ
(τ6)

j̃6m6
(11)
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Calculation of Three-Body ρ(3) and λ(3)

ρ(3): from M- to J-scheme

In the signature basis

d̂k ≡
1√
2

(ĉk̃ + ĉk), d̂†
k̄
≡ 1√

2
(ĉ†
k̃
− ĉ†k), (12)

d̂k̄ ≡
1√
2

(ĉk̃ − ĉk), d̂†k ≡
1√
2

(ĉ†
k̃

+ ĉ†k). (13)

e−iπĴx
(
d̂†k
d̂†
k̄

)
eiπĴx = ± i

(
d̂†k
d̂†
k̄

)
(14)

Where +(−) for m = 1
2,−

3
2,

5
2 · · · (−

1
2,

3
2,−

5
2 · · · ), i.e., m = even+1

2 for
positive signature.

Rotated matrix elements in signature basis〈
φf
∣∣d̂†τ1j1m1

d̂†τ2j2m2
d̂†τ3j3m3

d̂τ4j4m4d̂τ5j5m5d̂τ6j6m6

∣∣φ̃i〉 (15)

N. Hinohara: Notes (2015)
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Calculation of Three-Body ρ(3) and λ(3)

ρ(3): from M- to J-scheme

=
′∑

(m1m2m3m4m5m6)

∑
(M12M45M)

(−)J−M
1√

2J + 1
×

CJM
J12M12j3m3

CJ−M
J45M45j6m6

CJ12M12

j1m1j2m2
CJ45M45

j4m4j5m5
ĉ
(τ1)†
j1m1

ĉ
(τ2)†
j2m2

ĉ
(τ3)†
j3m3

� ĉ(τ4)
j̃4m4

ĉ
(τ5)

j̃5m5
ĉ
(τ6)

j̃6m6

+CJM
J12M12j3m3

CJ−M
J45M45j6−m6

CJ12M12

j1m1j2m2
CJ45M45

j4m4j5m5
ĉ
(τ1)†
j1m1

ĉ
(τ2)†
j2m2

ĉ
(τ3)†
j3m3

� ĉ(τ4)
j̃4m4

ĉ
(τ5)

j̃5m5
ĉ
(τ6)

j̃6−m6

+CJM
J12M12j3m3

CJ−M
J45M45j6m6

CJ12M12

j1m1j2m2
CJ45M45

j4m4j5−m5
ĉ
(τ1)†
j1m1

ĉ
(τ2)†
j2m2

ĉ
(τ3)†
j3m3

� ĉ(τ4)
j̃4m4

ĉ
(τ5)

j̃5−m5
ĉ
(τ6)

j̃6m6

+CJM
J12M12j3m3

CJ−M
J45M45j6−m6

CJ12M12

j1m1j2m2
CJ45M45

j4m4j5−m5
ĉ
(τ1)†
j1m1

ĉ
(τ2)†
j2m2

ĉ
(τ3)†
j3m3

� ĉ(τ4)
j̃4m4

ĉ
(τ5)

j̃5−m5
ĉ
(τ6)

j̃6−m6

+CJM
J12M12j3m3

CJ−M
J45M45j6m6

CJ12M12

j1m1j2m2
CJ45M45

j4−m4j5m5
ĉ
(τ1)†
j1m1

ĉ
(τ2)†
j2m2

ĉ
(τ3)†
j3m3

� ĉ(τ4)
j̃4−m4

ĉ
(τ5)

j̃5m5
ĉ
(τ6)

j̃6m6

+CJM
J12M12j3m3

CJ−M
J45M45j6−m6

CJ12M12

j1m1j2m2
CJ45M45

j4−m4j5m5
ĉ
(τ1)†
j1m1

ĉ
(τ2)†
j2m2

ĉ
(τ3)†
j3m3

� ĉ(τ4)
j̃4−m4

ĉ
(τ5)

j̃5m5
ĉ
(τ6)

j̃6−m6

+CJM
J12M12j3m3

CJ−M
J45M45j6m6

CJ12M12

j1m1j2m2
CJ45M45

j4−m4j5−m5
ĉ
(τ1)†
j1m1

ĉ
(τ2)†
j2m2

ĉ
(τ3)†
j3m3

� ĉ(τ4)
j̃4−m4

ĉ
(τ5)

j̃5−m5
ĉ
(τ6)

j̃6m6

+CJM
J12M12j3m3

CJ−M
J45M45j6−m6

CJ12M12

j1m1j2m2
CJ45M45

j4−m4j5−m5
ĉ
(τ1)†
j1m1

ĉ
(τ2)†
j2m2

ĉ
(τ3)†
j3m3

� ĉ(τ4)
j̃4−m4

ĉ
(τ5)

j̃5−m5
ĉ
(τ6)

j̃6−m6

+CJM
J12M12j3−m3

CJ−M
J45M45j6m6

CJ12M12

j1m1j2m2
CJ45M45

j4m4j5m5
ĉ
(τ1)†
j1m1

ĉ
(τ2)†
j2m2

ĉ
(τ3)†
j3−m3

� ĉ(τ4)
j̃4m4

ĉ
(τ5)

j̃5m5
ĉ
(τ6)

j̃6m6

+CJM
J12M12j3−m3

CJ−M
J45M45j6−m6

CJ12M12

j1m1j2m2
CJ45M45

j4m4j5m5
ĉ
(τ1)†
j1m1

ĉ
(τ2)†
j2m2

ĉ
(τ3)†
j3−m3

� ĉ(τ4)
j̃4m4

ĉ
(τ5)

j̃5m5
ĉ
(τ6)

j̃6−m6

+CJM
J12M12j3−m3

CJ−M
J45M45j6m6

CJ12M12

j1m1j2m2
CJ45M45

j4m4j5−m5
ĉ
(τ1)†
j1m1

ĉ
(τ2)†
j2m2

ĉ
(τ3)†
j3−m3

� ĉ(τ4)
j̃4m4

ĉ
(τ5)

j̃5−m5
ĉ
(τ6)

j̃6m6

+CJM
J12M12j3−m3

CJ−M
J45M45j6−m6

CJ12M12

j1m1j2m2
CJ45M45

j4m4j5−m5
ĉ
(τ1)†
j1m1

ĉ
(τ2)†
j2m2

ĉ
(τ3)†
j3−m3

� ĉ(τ4)
j̃4m4

ĉ
(τ5)

j̃5−m5
ĉ
(τ6)

j̃6−m6

+ · · · · · ·
+ · · · · · ·



(16)

L.-J. Wang (UNC) Three-Body Density Feb. 03, 2017 7 / 15



Calculation of Three-Body ρ(3) and λ(3)

ρ(3): from M- to J-scheme

[[[
ĉ
(τ1)†
j1

ĉ
(τ2)†
j2

]J12
ĉ
(τ3)†
j3

]J
�

[[
ĉ
(τ4)

j̃4
ĉ
(τ5)

j̃5

]J45
ĉ
(τ6)

j̃6

]J]0

=
′∑

(m1m2m3m4m5m6)

C(123456, J12, J45, J) d̂
(τ1)†
j1,m1

d̂
(τ2)†
j2,m2

d̂
(τ3)†
j3,m3

d̂
(τ4)
j4,m4

d̂
(τ5)
j5,m5

d̂
(τ6)
j6,m6

(17)

where
C(123456, J12, J45, J) = + P1 + P2 + P3 + P4 + P5 + P6 + P7 + P8 + P9 + P10 + P11 + P12 + P13 + P14 + P15 + P16

C(1̄2̄3456, J12, J45, J) = + P1 + P2 + P3 + P4 + P5 + P6 + P7 + P8− P9− P10− P11− P12− P13− P14− P15− P16

C(1̄23̄456, J12, J45, J) = + P1 + P2 + P3 + P4− P5− P6− P7− P8 + P9 + P10 + P11 + P12− P13− P14− P15− P16

C(1̄234̄56, J12, J45, J) =− P1− P2 + P3 + P4− P5− P6 + P7 + P8− P9− P10 + P11 + P12− P13− P14 + P15 + P16

C(1̄2345̄6, J12, J45, J) =− P1 + P2− P3 + P4− P5 + P6− P7 + P8− P9 + P10− P11 + P12− P13 + P14− P15 + P16

C(1̄23456̄, J12, J45, J) = + P1− P2− P3 + P4− P5 + P6 + P7− P8− P9 + P10 + P11− P12 + P13− P14− P15 + P16

C(12̄3̄456, J12, J45, J) = + P1 + P2 + P3 + P4− P5− P6− P7− P8− P9− P10− P11− P12 + P13 + P14 + P15 + P16

· · · · · · · · · (18)

where
P1 =

∑
(M12M45M)

1√
2J + 1

1

4
CJM

J12M12j3m3
CJ−M

J45M45j6−m6
CJ12M12

j1m1j2m2
CJ45M45

j4m4j5m5
(−)j6−m6+J−M

P2 =
∑

(M12M45M)

1√
2J + 1

1

4
CJM

J12M12j3m3
CJ−M

J45M45j6m6
CJ12M12

j1m1j2m2
CJ45M45

j4m4j5−m5
(−)j5−m5+J−M

P3 =
∑

(M12M45M)

1√
2J + 1

1

4
CJM

J12M12j3m3
CJ−M

J45M45j6m6
CJ12M12

j1m1j2m2
CJ45M45

j4−m4j5m5
(−)j4−m4+J−M

· · · · · · · · · (19)
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Calculation of Three-Body ρ(3) and λ(3)

Matrix elements in signature basis
〈
φf
∣∣d̂(τ1)†
i d̂

(τ2)†
j d̂

(τ3)†
k d̂

(τ4)
l d̂(τ5)

m d̂(τ6)
n

∣∣φ̃i〉 =
〈
φf
∣∣φ̃i〉〈φ̃i∣∣ᾱ(τ1)

i ᾱ
(τ2)
j ᾱ

(τ3)
k α

(τ4)
l α(τ5)

m α(τ6)
n

∣∣φ̃i〉 (20)

ᾱ
(τ)
k = eẐ

†
d̂

(τ)†
k e−Ẑ

†
, α(τ)

m = eẐ
†
d̂(τ)
m e−Ẑ

†
. (21)

where

Ẑ =
∑
µ<ν

Zµνâ
†
µâ
†
ν, Z = (V U−1)∗ (22)

ᾱ
(τ)
k =

∑
µ

{
A

(τ)
kµ â

†
µ + B

(τ)
kµ âµ

}
, (23)

αk =
∑
µ

{
C

(τ)
kµ âµ + D

(τ)
kµ â

†
µ

}
. (24)

where

A
(τ)
kµ ≡

(
U

(τ)∗
i

)
kµ
, B

(τ)
kµ ≡

(
V

(τ)
i + U

(τ)∗
i Z∗

)
kµ
,

C
(τ)
kµ ≡

(
U

(τ)
i + V

(τ)∗
i Z∗

)
kµ
, D

(τ)
kµ ≡

(
V

(τ)∗
i

)
kµ
.

Ring and Schuck: Nuclear many-body problem (1980)
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Calculation of Three-Body ρ(3) and λ(3)

Matrix elements in signature basis: explicit

〈
φ̃I
∣∣ᾱ(τ1)

i ᾱ
(τ2)
j ᾱ

(τ3)
k α

(τ4)
l α(τ5)

m α(τ6)
n

∣∣φ̃I〉
= +

[(
B(τ1)A(τ2)T

)
ij

(
C(τ4)D(τ5)T

)
lm

(
B(τ3)D(τ6)T

)
kn

]
−
[(
B(τ1)A(τ2)T

)
ij

(
B(τ3)D(τ5)T

)
km

(
C(τ4)D(τ6)T

)
ln

]
+

[(
B(τ1)A(τ2)T

)
ij

(
B(τ3)D(τ4)T

)
kl

(
C(τ5)D(τ6)T

)
mn

]
−
[(
B(τ1)A(τ3)T

)
ik

(
C(τ4)D(τ5)T

)
lm

(
B(τ2)D(τ6)T

)
jn

]
+

[(
B(τ1)A(τ3)T

)
ik

(
B(τ2)D(τ5)T

)
jm

(
C(τ4)D(τ6)T

)
ln

]
+

[(
B(τ2)A(τ3)T

)
jk

(
C(τ4)D(τ5)T

)
lm

(
B(τ1)D(τ6)T

)
in

]
−
[(
B(τ2)A(τ3)T

)
jk

(
B(τ1)D(τ5)T

)
im

(
C(τ4)D(τ6)T

)
ln

]
+

[(
B(τ2)A(τ3)T

)
jk

(
B(τ1)D(τ4)T

)
il

(
C(τ5)D(τ6)T

)
mn

]
−
[(
B(τ1)A(τ3)T

)
ik

(
B(τ2)D(τ4)T

)
jl

(
C(τ5)D(τ6)T

)
mn

]
+

[(
B(τ1)D(τ4)T

)
il

(
B(τ3)D(τ5)T

)
km

(
B(τ2)D(τ6)T

)
jn

]
−
[(
B(τ1)D(τ4)T

)
il

(
B(τ2)D(τ5)T

)
jm

(
B(τ3)D(τ6)T

)
kn

]
−
[(
B(τ2)D(τ4)T

)
jl

(
B(τ3)D(τ5)T

)
km

(
B(τ1)D(τ6)T

)
in

]
+

[(
B(τ2)D(τ4)T

)
jl

(
B(τ1)D(τ5)T

)
im

(
B(τ3)D(τ6)T

)
kn

]
+

[(
B(τ3)D(τ4)T

)
kl

(
B(τ2)D(τ5)T

)
jm

(
B(τ1)D(τ6)T

)
in

]
−
[(
B(τ3)D(τ4)T

)
kl

(
B(τ1)D(τ5)T

)
im

(
B(τ2)D(τ6)T

)
jn

]
(25)
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Calculation of Three-Body ρ(3) and λ(3)

Matrix elements in signature basis: Pfaffian

Define basic contractions〈
φ̃I
∣∣ᾱ(τi)

i ᾱ
(τj)

j

∣∣φ̃I〉 =
(
B(τi)A(τj)T

)
ij

(26a)〈
φ̃I
∣∣ᾱ(τi)

i α
(τj)

j

∣∣φ̃I〉 =
(
B(τi)D(τj)T

)
ij

(26b)〈
φ̃I
∣∣α(τi)

i α
(τj)

j

∣∣φ̃I〉 =
(
C(τi)D(τj)T

)
ij

(26c)

By the definition of Pfaffian, we get〈
φ̃I
∣∣ᾱ(τ1)

i ᾱ
(τ2)
j ᾱ

(τ3)
k α

(τ4)
l α(τ5)

m α(τ6)
n

∣∣φ̃I〉 = Pf (X) (27)

where

X =


(
B(τ)A(τ ′)T

) (
B(τ)D(τ ′)T

)
−
(
B(τ)D(τ ′)T

)T (
C(τ)D(τ ′)T

)
 (28)
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Calculation of Three-Body ρ(3) and λ(3)

From ρ(3) to λ(3) (J-schcme)

λKLMRST = + ρKLMRST /
√

2J + 1

− (−)Jts+jl+jm+1δJJ ′δMM ′Ĵkl

{
jk jl Jkl
jm J Jts

}
δjkjr
ĵk

[c†K c̃R]00

[
[c†Lc

†
M ]Jts[c̃T c̃S]Jts

]0
−
∑
Jlm

δJJ ′δMM ′(−)jl+jm+jt+jk+Jts+Jlm

{
jt jk Jts
J jr Jlm

}{
jl jm Jlm
J jk Jkl

}

× δjkjsĴklĴtsĴlm

ĵk
[c†K c̃S]00

[
[c†Lc

†
M ]Jlm[c̃Rc̃T ]Jlm

]0
− δJJ ′δMM ′

∑
Jlm

(−)jl+jm+js+jr

{
js jk Jts
J jr Jlm

}{
jl jm Jlm
J jk Jkl

}

× δjkjtĴklĴtsĴlm

ĵk

[
c†K c̃T

]0
0

[
[c†Lc

†
M ]Jlm[c̃S c̃R]Jlm

]0
− δJJ ′δMM ′(−)jl−Jkl+jk+1

{
jl jk Jkl
jm J Jts

}
δjljr Ĵkl

ĵl

[
c†Lc̃R

]0
0

[
[c†Mc

†
K ]Jts[c̃T c̃S]Jts

]0
− δJJ ′δMM ′(−)jt+jk+Jkl+Jts+1

∑
Jmk

{
jt jl Jts
J jr Jmk

}{
jk jm Jmk
J jl Jkl

}

× δjljsĴklĴtsĴmk

ĵl

[
c†Lc̃S

]0
0

[
[c†Mc

†
K ]Jmk[c̃Rc̃T ]Jmk

]0
− δJJ ′δMM ′

∑
Jmk

(−)jk+Jkl+jl+jr+js+Jmk

{
js jl Jts
J jr Jmk

}{
jk jm Jmk
J jl Jkl

}
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Calculation of Three-Body ρ(3) and λ(3)

From ρ(3) to λ(3) (J-schcme)

× δjljtĴklĴtsĴmk

ĵl

[
c†Lc̃T

]0
0

[
[c†Mc

†
K ]Jmk[c̃S c̃R]Jmk

]0
− δJJ ′δMM ′

δjmjrδJklJts

ĵmĴkl

[
c†M c̃R

]0
0

[
[c†Kc

†
L]Jkl[c̃T c̃S]Jkl

]0
− δJJ ′δMM ′(−)jt+jm+Jts+1

{
jt jm Jts
J jr Jkl

}
δjmjsĴts

ĵm

[
c†M c̃S

]0
0

[
[c†Kc

†
L]Jkl[c̃Rc̃T ]Jkl

]0
− δJJ ′δMM ′(−)Jkl+js+jr+1

{
js jm Jts
J jr Jkl

}
δjmjtĴts

ĵm

[
c†M c̃T

]0
0

[
[c†Kc

†
L]Jkl[c̃S c̃R]Jkl

]0
− 2ĴklĴts

{
jk jl Jkl
jm J Jts

}
δjkjrδjljsδjmjt
ĵkĵlĵm

ρKRρ
L
Sρ

M
T

− 2(−)Jts+jl+jm+1ĴklĴts

{
jk jl Jkl
jm J Jts

}
δjkjrδjljtδjmjs
ĵkĵlĵm

ρKRρ
L
Tρ

M
S

− 2(−)jk+jl−Jkl+1ĴklĴts

{
jl jk Jkl
jm J Jts

}
δjkjsδjljrδjmjt
ĵkĵlĵm

ρKS ρ
L
Rρ

M
T

+ 2δJJ ′δMM ′(−)jk+jl−Jkl
δjkjsδjljtδjmjrδJklJts

ĵkĵlĵm
ρKS ρ

L
Tρ

M
R

+ 2(−)−Jkl+jl+Jts+jmĴklĴts

{
jl jk Jkl
jm J Jts

}
δjkjtδjljrδjmjs
ĵkĵlĵm

ρKT ρ
L
Rρ

M
S

− 2δJJ ′δMM ′
δjkjtδjljsδjmjrδJklJts

ĵkĵlĵm
ρKT ρ

L
Sρ

M
R (29)
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Numerical Check

Numerical details
Model space: for 76Ge, 76Se:
2p3/2, 1f5/2, 2p1/2, 1g9/2

Computation time:
∼ 24 CPU hours for HFB with PNP

Numerical check
Trace of ρ(3): Tr(ρ

(3)
ij ) = −N(N − 1)(N − 2)

Anti-symmetry of ρ(3) in M-scheme:

ρ(3)M ≡
〈
0+
f

∣∣ĉ†τ1j1m1
ĉ†τ2j2m2

ĉ†τ3j3m3
ĉτ4j4m4ĉτ5j5m5ĉτ6j6m6

∣∣0+
i

〉
(30)

Symmetry in J-scheme: ρ
(3)J

ij = ρ
(3)J

ji , λ
(3)J

ij = λ
(3)J

ji

Reproduce λ
(3)J

ij in Spherical case.
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Numerical Check

Thank you for your attention!
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